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Authors' Note

ARBPLOT is a set of computer graphics tools for use on the

Apple II computer in teaching and learning calculus and related

subjects . I t is des igned to work wi th any course organizat ion

and textbook. This manual is designed to help you master those

t o o l s .

Most of the manual is tutor ial . You can best use i t by

sitt ing at your Apple II computer with your ARBPLOT diskettes,
one or two blank diskettes, and this manual, and working your

way through Chapters 2 and 3. Then sample the problems in

Chapter 5, t ry ing var iat ions of your own.

Chapter 4 gives some advice on effective use based on our

exper ience. Chapter 6 g ives some technical deta i ls for those
who wish to know how ARBPLOT works in order to write their own

programs.

Our in ten t i s to p rov ide too ls to i l l us t ra te any geomet r ic

concept o r p rocess in ana ly t i c geomet ry, d i f fe ren t ia l ca lcu lus ,

and integral calculus of the plane. We would l ike to hear how

you have used the programs and where they fall short.

The original design of what became ARBPLOT was begun by

Brown in 1978 and was underwritten in part by a sabbatical from

the Colorado School of Mines and NSF LOCI Grant No. SER-7900604

in the fal l of 1979. Many revisions and expansions have

occurred since then, the most significant being a complete

redesign and rewrite as a result of CONDUIT reviewer sug

gestions in January 1982.



Harris's work in microcomputer graphics began in 1981 with

several programs written for use in mathematics courses at

Appalach ian State Univers i ty. The assoc ia t ion wi th Brown fo l
l o w e d a d e m o n s t r a t i o n o f t h e s e p r o g r a m s a t a m e e t i n g o f t h e / ^ ^

North Carolina Educational Computing Service and a discussion

with David Smith of Duke University, who had seen Brown's work

through his role as a reviewer for CONDUIT.

Our thanks go to Hal Peters of CONDUIT and to David Smith

who brought us together and have been most supportive of our

work, to the CONDUIT reviewers for their advice, and to col

leagues who have tried the various versions of the programs,

part icular ly to Robert Fisk of the Colorado School of Mines.

We are most grateful to the people of A.P.P.L.E., Neil Konzen

and others, for their Program Line Editor and Program Global

Editor, to the designers of word processing for the Apple

(Applewriter and Magic Window) , and to Christopher Espinosa for /tmm^
h is h igh reso lu t ion charac te r genera to r. Th is p ro jec t wou ld

have been impossible without them.

Final ly, and most important ly, our thanks go to our wives
for understanding support through long months of being computer

widows while we spent days and nights sweating over a hot com

puter .
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1. Introduction

ARBPLOT is a collection of three groups of computer

graphics programs for the Apple II computer which can help you
teach calculus and other mathemat ics subjects. The first group

plots curves from functions defined in several ways; the second

i l lust rates concepts in ca lcu lus? and the th i rd creates and

runs "slide shows," an aid to presenting preplanned sequences

of g raph ic i l l us t ra t ions . The programs are on two d iske t tes .

This manual first describes each program and shows how to

use the alternatives within the program. The manual then

presents tact ics for using the programs in various classroom

si tuat ions, inc lud ing p lanning and showing s l ide shows. Next ,

th i r t y c lassroom app l i ca t ions a re p resen ted , and fina l l y, tech

nical notes are given for the reader who wants a deeper under

standing of the working of the programs.

The entire package is menu driven. You need not under

stand programming in order to use it. However, you must be

able to describe functions in the way that Applesoft BASIC

requ i res ; th is is descr ibed in Sect ion 2 .4 .

1.1. Scope
The fol lowing outl ine presents the major topics and

capabilit ies of the ARBPLOT programs, with references to the
diskettes on which the programs are found.
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A. Function Plotting (disk 1, choices 1-4).
1. General. Properties of all programs.

a. Functions.
( 1 ) C o n t i n u o u s o r d i s c o n t i n u o u s . )
(2) Bounded or unbounded.
(3) Domain continuous or with gaps.

b. Scal ing.
(1) Automatic (fil l screen).
(2) Manual (windowing).

c . D isp lay.
(1) Clear previous display.
(2) Overlay new display on old.

d. Curves.
(1) Sol id l ine.
(2) Dotted line.

e. Axes.
( 1 ) S h o w a x e s . )
(2) Do not show axes.

2. Coordinate systems.
a. Rectangular - explicit (disk 1, choice 1).
b. Rectangular - parametric (disk 1, choice 2).
c. Polar - explicit (disk 1, choice 3).

3. Plot two curves simultaneously (disk 1, choice 4).
a. Rectangular - explicit only.
b. Plot a function with its inverse.
c. Flag the zeros of the second curve.

B. Analytic Geometry - Conic Sections (disk 2, choice 1).
1. Sum and difference definitions.
2 . E c c e n t r i c i t y d e fi n i t i o n s . _
3. Translation of axes.
4. Rotation of axes (disk 2, choice 2).
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C. L imi ts and Der iva t ives (d isk 1 , cho ice 5) .

1 . E p s i l o n - d e l t a d e fi n i t i o n o f t h e l i m i t o f a

f u n c t i o n .

2 . Tangent as l im i t o f secants .

3. Mean Value Theorem for derivatives.

4 . Der i va t i ve as func t i on (d i sk 1 , cho ice 6 ) .

D . I n t e g r a t i o n .

1 . G e n e r a l .

a . A n t i d e r i v a t i v e - i n c l u d e o r o m i t .

b . Number o f subdiv is ions - var iab le .

c . D i f f e r e n c e o f f u n c t i o n s o r s i n g l e

f u n c t i o n .

d. Funct ion must be defined throughout

t h e i n t e r v a l .

2 . D e fi n i t e i n t e g r a l i n r e c t a n g u l a r c o o r d i n a t e s

(disk 2, choice 3) .

a. Rectangles (Fundamental Theorem).

b . T r a p e z o i d s .

c . Parabolas (Simpson's Rule) .

d . A l l t h r e e s i m u l t a n e o u s l y.

e . Show typ ica l e lement .

f . R i c h a r d s o n e x t r a p o l a t i o n ( a f t e r t r a p e z o i d a l ) ,

3. Area - Rectangular coordinates - Monte Carlo

(disk 2, choice 5).

4 . Area - Polar coord inates (d isk 2 , cho ice 6) .

5 . Arc leng th (d isk 2 , cho ice 7 ) .

a . R e c t a n g u l a r - e x p l i c i t .

b . R e c t a n g u l a r - p a r a m e t r i c .

c . P o l a r .

6 . I n d e fi n i t e i n t e g r a l ( d i s k 2 , c h o i c e 4 ) .
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E. Roots of an Equation (disk 1, choice 7).

1 . B i sec t i on Me thod .

2 . R e g u l a F a l s i .

3 . N e w t o n ' s M e t h o d . ^

F. Sequences and Series (disk 1, choice 8).

1. Elements of a sequence.

2 . P a r t i a l s u m s .

3. A function of the elements or a second sequence.

G. D i f f e ren t i a l Equa t ions - F i r s t Orde r (d i sk 2 , cho ice 8 ) .

1 . D i r e c t i o n fi e l d .

2 . I n t e g r a l c u r v e s .

^ ^ f c v
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f - K 2 . U s i n g A R B P L O T

2.1. Getting Started*

Begin by boot ing the system. I f th is express ion is

unfamil iar to you, insert the ARBPLOT diskette into the disk

dr ive (Dr ive #1, i f there are two dr ives) , c lose the door, and

turn the power on (switch at left rear of the Apple). On most

Apples, the red l ight on the disk drive wi l l come on, the

diskette wil l spin, and the ARBPLOT main menu wil l appear. If

the red l ight does not come on, look at the display screen. I f

you see "]" fol lowed by the bl inking cursor, type "PR#6", press

"RETURN", and the booting process should begin. If you see "*"

fol lowed by the blinking cursor, press the "RESET" key, type
/^ "6 " and then Ct r l -K (ho ld down the "CTRL" key wh i le p ress ing

"K"), press "RETURN", and the booting process should begin. If

none of these work, ask your local Apple expert or your dealer

what you did wrong or what is wrong with the computer. (Are

the Apple and the TV plugged in? Is the TV connected to the

Apple?)

*Note on Backup: The first step in using ARBPLOT is to

make working copies of the two diskettes. ARBPLOT uses a

special arrangement of data on the disks to speed up loading
t ime. Standard copy procedures wi l l destroy that arrangement,

s lowing the running of the programs. The or ig ina l d isket tes

furnished with this package have the normal arrangement and

load t imes. Fol low the instruct ions in Appendix H to make

working copies which load programs faster than normal.



Once you have booted the system, an introductory message

will briefly appear, then the ARBPLOT main menu will be

displayed on the screen. I f you booted Disk 1, you wil l sees

><><><>ARBPL0TOVERSI0N2.1<>DISKl><><><
< >
> 1 . P L O T Y ( X ) <
< >
> 2 . P L O T X ( T ) V S . Y ( T ) <
< >
> 3 . P L O T R ( T ) ( P O L A R ) <
< >
> 4. PLOT Y1(X),Y2(X), SIMULTANEOUSLY <
< >
> 5 . L I M I T S & D E R I V A T I V E S <
< >
> 6. DERIVATIVE FUNCTION WITH EXTREMA <
< >
> 7 . R O O T S O F F ( X ) = 0 <
< >
> 8 . S E Q U E N C E S & S E R I E S <
< >
> 9 . S A V E D I S P L A Y <
< >
> 0 . E X I T <
< >
XCOPYRIGHT 1982X>*<SELECT (0-9) ?<><><

If you booted Disk 2, you will see:

><><><>ARBPLOTOVERSION2.1<>DISK2><><><
< >
> 1 . C O N I C S E C T I O N S <
< >
> 2. ROTATION OF AXES; ELLIPSE <
< >
> 3 . D E F I N I T E I N T E G R A L <
< >
> 4 . I N D E F I N I T E I N T E G R A L <
< >
> 5 . MONTE CARLO INTEGRATION <
< >
> 6 . P O L A R I N T E G R A T I O N <
< >
> 7 . A R C L E N G T H <
< >
> 8. DIFF. EQUATIONS/DIRECTION FIELDS <
< >
> 9 . S A V E D I S P L A Y <
< >
> 0 . E X I T <
< >
XCOPYRIGHT 1982><>*<SELECT (0-9) ?<><><



You are now ready to begin using ARBPLOT.

2.2. Choices
Each choice on the menu runs one of the ARBPLOT programs.

Choices 1-8 on each diskette run the programs outlined above.

Choice 9 saves the display for a "slide show" or printed copy.

Choice 0 permits you to load the other ARBPLOT diskette or exit

to Applesoft BASIC. To make a choice, press the appropriate

key (0-9); you need not press "RETURN".

You will automatically return to the main menu when you

elect to end a program. I f you have exi ted to Applesoft , type

"RUN APMENU" to return to the menu.

2.3. An Example: Plotting a Curve

Now let's see how a typical ARBPLOT program works. We
2/5s h a l l p l o t t h e f u n c t i o n y = x ( x - l ) f r o m x = - l t o x = 2 . B o o t t h e

system with Disk 1. Choose #1, PLOT Y(X). (Note: "1" is the

key in the upper lef t corner of the keyboard, not the let ter
"L* . ) The red l i gh t w i l l come on , the d isk w i l l sp in , the

program ARBPLOT1 will be loaded, an introductory message will

br iefly appear, and the fo l lowing menu wi l l be displayed:

-7-



>>ARBPL0T1 - CURRENT VALUES & CHOICES<<

1. FUNCTION
Y(X)=X* ( (X-1 ) *2 ) * .2

2. LIMITS/SCALING DELTA X= .05
X M I N = - 1 X M A X = 2
Y M I N = 0 Y M A X = 0

SCALING: AUTOMATIC

3. SCREEN: CLEAR PRESENT DISPLAY
4. CURVE: SOLID LINE
5. AXES: SHOW

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

This menu is typical of the ARBPLOT program menus. Let's

e x a m i n e i t i n d e t a i l . T h e t o p l i n e a l w a y s g i v e s t h e n a m e o f / - * ^

the program, fol lowed by current values for up to eight

choices, each of which may be selected by pressing the

appropriate key (1-8). You need not press "RETURN". In most
cases single key responses in an ARBPLOT program need not be

followed by "RETURN". However, if you press the key for a

response and nothing happens, press "RETURN". In the majority

of places where you are to enter a numerical value, simply

pressing "RETURN" (not preceded by any number) will retain the
cur ren t va lue .

The choices are grouped in two sets; the first set changes

values used by the program, and the second set takes actions.

Let 's firs t examine the act ions, then re turn to the choices of

va l ues .
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Press "6". You see a blank screen, with "End" in the

lower r igh t hand corner. You are v iewing the cur rent d isp lay ;

i t is b lank s ince you haven' t yet created anyth ing. Choice 6

on any of the program menus shows what is currently on the

graphics display screen, whether prepared by the program you

are present ly running or some ear l ier program. To return to

the menu, press any key.

Now press "7". "- - CALCULATING - -" appears in the mid

dle of the screen for about 8 seconds (how long depends upon

the funct ion and number of points p lot ted) , then the fo l lowing

graph is drawn:

Spacing
between
t ic marks

Odometer
Funct ion
p l o t t e d

Displays are drawn and label led in s imi lar fashion for
each program. First, the program name and the border are

drawn. If you are showing the axes (choice 5 on the menu), and

the axes pass through the plott ing area, the axes wil l be drawn

with t ic-marks showing the scale. AX and AY on the left edge

of the display show the spacing between t ic-marks. I f the axes

are to be shown but do not pass through the plotting area, the

t i c -marks appear on the border o f the p lo t . F ina l l y, be fo re

-9-



Now let's look at choices 1-5 on the ARBPL0T1 menu.

-10-
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p lo t t i ng , the equa t ion o f the func t ion i s p r in ted be low the

p l o t a r e a .

As the curve is plotted, an odometer runs on the left of

the screen, showing the instantaneous value of the independent

var iab le . You may in ter rupt the p lo t t ing by press ing any key;

pressing a key again cont inues the plot . These two features,

odometer and interrupt, occur only in the plot programs; they

do not appear while the curve is being drawn in the other

p rog rams . I n te r rup t i s poss ib l e du r i ng f u r t he r p rocess ing i n
some programs. I f you wish to stop plott ing and return to the

program menu before completion, press Ctrl-E after you have

in ter rupted p lo t t ing . Wi th some programs you w i l l re turn

instant ly; with others, you must press a key after "End"

appears.

When the plot is complete, the minimum and maximum values

o f t h e v a r i a b l e s a p p e a r t o t h e l e f t o f t h e p l o t . I f a u t o m a t i c ^ "■^

scal ing (choice 2) has been selected, the values are the extent
of the p lot area. I f manual scal ing has been selected, the

va lues a re the ca lcu la ted l im i ts , no t necessar i l y the ex ten t o f

the area. However, minimum and maximum values in the menu are

the extent of the area on the screen.

Final ly, the word "End" appears in the lower r ight hand
corner. Press any key to return to the menu. From this menu

page you can press "6" to show the display again or you can
leave the current program and return to the main ARBPLOT menu

by pressing "8" — but don' t do this yet.



Choice 1 al lows you to change the function. Defining and

changing the funct ion are descr ibed in the next sect ion (2.4) .

/ ^ ^ \ C h o i c e 2 s e t s t h e l i m i t s o f t h e p l o t . Y o u m u s t fi r s t s e t
minimum and maximum values for the independent variable, X,

then the increment between points to be plotted. Change the

limits to 0 and 1 with increment .05, pressing "RETURN" after

each number you enter. I f you wish to retain the previous

value of a particular number, just press "RETURN". If you make

a mistake as you are entering a number, you may use the left

arrow (**—) key to backspace and correct before you press

"RETURN". Note that you are asked whether the current choice

is okay. Respond with "Y" or "N"; you need not press "RETURN".

The ver t ica l (Y) l imi ts may be specified in two ways. In

automat ic sca l ing, a l l o f the po in ts to be p lo t ted are ca l

culated in advance, and the minimum and maximum calculated

values are taken as the bottom and top of the plot area. In

manua l sca l ing , you se t the ver t ica l l im i ts o f the p lo t a rea.

I f t he p l o t goes o f f - sca le , i t w i l l be c l i pped . Now se t sca l

ing to manual, the minimum value of Y to -.4, the maximum to

• 4, and plot the curve (choice 7). Note how the odometer keeps

moving even when apparently nothing is being plotted. Note
a lso there was no " CALCULATING - - " before p lo t t ing; a l l

ca l cu la t i ons occu r wh i l e p l o t t i ng .

Now return to the menu. Choices 3, 4, and 5 control con

di t ions of plot t ing. With choice 3 you may over lay one plot on

another. Wi th choice 4 you may p lot a dot ted l ine. With

choice 5 you may suppress the axes. Each of these is a two-way

choice; pressing the key makes the change. Now press "4", then

"5", then "7". The curve appears as a dotted l ine with no axes

-11-
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showing. Return to the menu, and press "3", "4", and "7". The

curve appears as a sol id l ine overlaid on the previous dotted

l ine. In programs other than plot programs, choices 3-5

contro l the condi t ions pecul iar to the program. This example

is typical of the procedures you fol low for any of the

programs; the actions and features part icular to each program
are described in Chapter 3.

ARBPLOT is intended to be free of errors and to protect

you from any mistakes you might make. See Appendix E for a
discussion of what to do i f an error occurs despite al l of our

e f f o r t s .

2.4. Defining the Function

Choice 1 in each program permits you to change the func

tion to be plotted. Some programs permit or require two func

t ions; some permit an auxi l iary funct ion such as a der ivat ive
or ant ider ivat ive. In each case, you wi l l be asked whether the

current function(s) is (are) okay, then given a message such as

ENTER THE FUNCTION TO BE PLOTTED.

Y(X) =

You can plot any function which can be expressed as a

s ing le App lesof t BASIC ar i thmet ic s ta tement . Wr i t ing an ar i th
metic statement in BASIC, as in any computer programming

language, has s imi la r i t ies to and d i f fe rences f rom wr i t ing in

mathemat ical notat ion. The di fferences are most obvious in

d iv is ion, ra is ing to a power, and grouping. For example,

-12-
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suppose we wish to set
2 2x + 1

y (x ) =

^ ^ 3 x 3 + 4
In BASIC, we would write

Y(X)=(X"2-2*X+ l ) / (3*X"3+4) .

All operators and operands must be explicit ly stated on one

cont inuous l ine . The as ter isk ( * ) must be used fo r mul t ip l i ca

tion and the carat (*) to show an exponent.

BASIC has a l imi ted set o f bu i l t - in funct ions. Those

avai lable in Applesoft BASIC are:

SIN(X) = sine of X, X in radians;

COS(X) = cosine of X, X in radians;

TAN(X) = tangent of X, X in radians;

ATN(X) = arc tangent of X, result in
rad ians (p r i nc i pa l va lue ) ;

INT(X) = the largest integer less than
or equal to X;

SGN(X) - the algebraic sign of X
( -1 for X < 0,

0 for X = 0,
+1 for X > 0 ).

ABS(X) = the absolute value of X;

SQR(X) - the positive square root of X,
X must be non-negative;

EXP(X) ■ exponential function of X;

LOG(X) = natural logarithm of X,
X must be positive.

The argument of the function must always be enclosed in

parentheses.

You may also generate random numbers using RND(X). If

X>0, the next number in a sequence of pseudo-random numbers is

generated. I f X=0, the most recently generated number is

- 1 3 -
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repeated. I f X<0, a specified number is generated (the same
number each time the same X appears).

Not al l ar i thmetic operat ions in Applesoft BASIC are the

same as in mathematics. Fractional powers are not defined for

negative numbers. Therefore, i f you wish to evaluate the cube

root of X for negative X, you cannot use X".33333, but you can

use SGN(X)*(ABS(X))".33333.

The precedence of operators in Applesoft BASIC is

d i f fe ren t f rom mathemat i cs . P lo t t i ng Y(X)= -X~2 w i l l p lo t

( - X ) " 2 , n o t - ( X " 2 ) .

The precedence of operators is as follows:

( )

+ - N O T U n a r y o p e r a t o r s

Exponent iat ion
* / M u l t i p l y & d i v i d e

+ - B i n a r y o p e r a t o r s
(add and subtract)

> < > = < = = > = < < > > < = L o g i c a l r e l a t i o n s

A N D L o g i c a l o p e r a t o r s
OR

In the chart above, operators are l isted from highest to

lowest p r io r i t y ; opera to rs o f the same pr io r i t y a re l i s ted on

the same l ine. In an expression, operators of the same

p r i o r i t y a r e e x e c u t e d f r o m l e f t t o r i g h t . ( A p p l e s o f t H
Reference Manual, page 36). If in doubt, use parentheses.

Applesoft BASIC permits us to combine into one statement
c e r t a i n f u n c t i o n d e fi n i t i o n s w h i c h w o u l d t a k e s e v e r a l l i n e s i n / ~ * ^

mathematics. Suppose, for example, that you wished to plot the
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s tep func t ion

1 X < 0
Y ( X ) = 2 0 1 X ^ 2 .

3 X > 2

In Applesoft BASIC, you would write

Y(X)=(X<0)+2*(X>=0)*(X<=2)+3*(X>2).

The expressions in parentheses are logical expressions. I f the

exp ress ion i s t r ue , i t s va lue i s one ; i f f a l se , i t s va lue i s

ze ro .

In defining a function for ARBPLOT, you may use the

independent variable name found in parentheses on the left side
of the equal s ign, the operators and bu i l t - in funct ions defined

above, and explicit decimal constants. You may not use general

representat ions for constants, such as le t ters of the a lphabet .

/ / "^*\ Your funct ion defini t ion may be approximately 50 characters

long; i t can spi l l over onto the next l ine. ARBPLOT checks to
see that you have a legal funct ion; i t cannot tel l whether you

have the cor rect funct ion for your appl icat ion.

Many examples of functions are given in Chapters 3 and 5
and in the built- in examples in the programs.

Now i t is t ime for you to t ry changing the defini t ion of a

funct ion. In the main menu of Disk 1, select #1 as before. In

the ARBPLOT1 menu, press "1" to change the function. Try

Y(X)=SQR(1-X~2). Be sure to press "RETURN" after you have

entered the function. I f you make a mistake in typing, you can

use the left arrow key (-*—) to backspace and correct before

pressing "RETURN". Leave all other settings the same, and

press "7". (I f you already were in ARBPLOT1, the l imits should

-15-

/ ^ ^ \



be -1 and 2 wi th automat ic scal ing. ) Whi le ca lcu lat ing, an

error message wil l appear, since SQR(1-XA2) is not defined for

X>1. Answer "N" to the question; instead of changing the func

t ion , p ress "2" to change the sca l ing . Accept the X- l im i ts ,

but specify manual scal ing with 0<Y<3. Again, press "7" to

plot the curve. At the end you wil l see Ymin=-lE+37 and

Ymax=lE+37. These values indicate that the function was not

defined for some X in your interval.

2.5. Saving the Display
You can save your display to diskette for use in a slide

show, you can make a hard copy using a graphics-equipped

printer, and you can modify the text on the display before

saving. Chapter 4 discusses reasons for wanting to save the

display and tactics for using slide shows and hard copy.

To try the procedures of this section, you wil l need one

or pre ferab ly two b lank d isket tes for bu i ld ing your s l ide

shows.

Having created the image you wish to save, exit from your

plot producing program to the main menu by pressing "8". Your

display is st i l l in memory. Now press "9" to cal l the DISPLAY

program. The following menu appears:

^
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<<DISPLAY SAVER>>

DO YOU WISH TO

1. SAVE TO DISK FOR REGULAR SLIDE SHOW.

2. SAVE TO DISK FOR COMPRESSED SLIDE
SHOW.

3. OUTPUT TO PRINTER.

4. LOAD IMAGE FROM DISK.

5. EDIT DISPLAY.

6. RETURN TO MAIN MENU.

WHICH (1-6)?

Your select ion star ts the d isplay saving process.

2.5.1. Making a Slide Show

A sl ide show is a diskette containing display images with

a program for showing them on the video screen. There are two

types of slide shows, regular and compressed. For each, you
mus t have a p rope r l y IN ITed ( i n i t i a l i zed ) d i ske t te . I f you do

not, answer "N" when asked, and the fol lowing instruct ions wi l l

appear on the screen:

TO PREPARE YOUR SLIDESHOW DISKETTE,
YOU MUST DO THE FOLLOWING:

1. REMOVE THE ARBPLOT DISKETTE.
2. INSERT BLANK DISKETTE & CLOSE DOOR.
3. TYPE 'INIT SHOW', -or- TYPE 'INIT GRAPH PACK'.
4. WAIT 30 SECONDS UNTIL LIGHT ON

DISK DRIVE GOES OUT & CURSOR APPEARS.
5. REMOVE SHOW DISKETTE, -or- REMOVE GRAPH PACK DISKETTE.
6. INSERT ARBPLOT DISKETTE & CLOSE DOOR.
7. TYPE 'RUN DISPLAY' TO GET BACK TO

SAVING YOUR DISPLAY.

START WHEN THE CURSOR REAPPEARS
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Insert a blank diskette as requested, and INIT your sl ide

show d iske t te . No t i ce tha t the d iske t te fo r a regu la r s l i de

show requires the SHOW program, while a compressed slide show

requires the GRAPH PACK program. You cannot mix the two types
of shows on one diskette.

Return to the DISPLAY program by typing RUN DISPLAY, and

you are ready to cont inue bui ld ing your s l ide show. Your

display image has not been destroyed.

2.5.2. Regular Slide Show

A regular s l ide show consists of d i rect h i - res graphics

screen images saved on diskette. Up to 13 images may be saved

o n o n e d i s k e t t e . E a c h i m a g e m u s t h a v e a u n i q u e n a m e . ^ - ^

At the DISPLAY menu, select #1. Insert an INITed SHOW

diskette and confirm that you have the correct image. (Note:

If you do not have an INITed SHOW diskette, create one from a

blank diskette as described above.) When you give a name to

your d isplay, i t is automat ical ly saved to d isket te and added
to your slide show. If there is no more room for your image on

the diskette or you have given the image a name you have

already used, you will receive a warning message.

After you have saved your image (or had it rejected due to

a full diskette) the image remains in memory. You may save it

on another slide show diskette, compress it for a compressed

s l i d e s h o w, p r i n t i t , o r u s e i t a s b a c k g r o u n d f o r t h e n e x t p l o t )

you create. These processes are descr ibed in the fol lowing
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sec t i ons .

You can also put hi-res graphics images produced by other

r ^ p r o g r a m s i n t o y o u r s l i d e s h o w. I f t h e i m a g e i s o n a n o t h e r

diskette, use Apple's FID program (on the DOS 3.3 master

diskette) to t ransfer the image between diskettes. When the

image is in memory, type "BSAVE SLIDENAME,A$2000,L$2000" if the

image is on hi-res page 1, or "BSAVE SLIDENAME,A$4000,L$2000"
if it is on hi-res page 2, where SLIDENAME is the name you wish

to give the image.

If possible, store your images on the SHOW diskette in the

order in which you expect to show them. You may show the

sl ides in any order, but you wil l experience a ten-second delay

any t ime you select sl ides out of order.

^ m ^
To show your regular slide show once you have created it,

insert your SHOW diskette and boot the system, or type "RUN

SHOW" if the system has been booted and is at Applesoft ("]"

showing before the cursor). The fol lowing message appears:

<<ARBPLOT SLIDE SHOW>>

SHOW CREATES & RUNS A SLIDE SHOW OFF
ANY DISKETTE CONTAINING HI-RES IMAGES.

IF THE CATALOG IS LONG ENOUGH THAT
PREPARING SHOW

DOES NOT APPEAR, PRESS RETURN TO
FINISH CATALOG AND START PROCESSING.

IF CATALOG IS LONG WITH HI-RES IMAGES
NEAR BEGINNING, YOU MAY LOSE PICTURES.

You can use the SHOW program to run a slide show from hi-res

/ •^ images on any d isket te , not just a SHOW disket te created by

DISPLAY.
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Now press "RETURN". The catalog appears and gradually

disappears. SHOW is seeking the hi-res image files on disk and

preparing the show from them. When the show is prepared, the

following message appears (the slide names are from a

par t icu lar show of curves in po lar coord inates) :

<<ARBPLOT SLIDE SHOW>>
YOUR SLIDES ARE:
A. TITLE PAGE
B. API
C. ALT CHAR SET
D. AP2-INTERP PROB
E. AL-LIMIT
F. AL-JUMP
G. SQUARE WAVE

PRESS SPACE BAR TO START WITH 1ST SLIDE
OR TO CONTINUE IN SEQUENCE.
TO CHOOSE A SPECIFIC SLIDE, PRESS ITS
LETTER.
PRESS 'RETURN' TO EXIT.
ANY OTHER KEY RETURNS TO THIS MENU.

YOUR CHOICE?

With your show prepared, press the space bar to display

the fi rs t s l ide . Not ice tha t the red l igh t comes on , and the

disk starts spinning, as soon as a new slide appears on the

screen. The next sl ide in sequence is being loaded while you

are viewing the current one. I f you want a sl ide out of

sequence, you must wait the ten seconds it takes to load the
next sl ide before you can see i t .

2.5.3. Compressed Slide Show

The Apple II stores a hi-res graphics image as 8192 bytes

o f b i t -pa t te rns desc r ib ing the do ts on the sc reen . I f the re

are large blank areas on the screen, a compressing process can

-20-

/•"̂■•"v



save considerable storage space, both on disk and in memory.

The Harris GRAPH PACK uses a compressing process to save

smm^ more images on a diskette, then builds a slide show of multiple

images in memory at once for fast cycling while showing.

At the DISPLAY menu, select #2 and insert an INITed GRAPH

PACK disket te in your d isk dr ive. (Note: I f you do not have

an INITed GRAPH PACK diskette, create one from a blank diskette

as described above.) The fol lowing menu wil l then appear:

SLIDE MENU:

1. COMPRESS AND SAVE A GRAPH

2. RECALL A COMPRESSED GRAPH

3. RECALL A STANDARD GRAPH

4. CREATE AND SAVE A SLIDE SHOW

f ^ ^ 5 . R E C A L L A N D D I S P L A Y A S L I D E S H O W

6. QUIT

YOUR CHOICE?

The entire GRAPH PACK process is in the GRAPH PACK program

you have placed on your new diskette. Therefore, you can use
it independently of the ARBPLOT diskettes for making a com

pressed slide show from hi-res images from any source.

Building a compressed slide show is a two-step process.

Each time you have created a display you wish to include in a

slide show, you COMPRESS AND SAVE it. When you have created

and saved the images for your show, you next CREATE AND SAVE A

SLIDE SHOW.

-21-
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To save the graph in memory, at the SLIDE MENU select #1,

COMPRESS AND SAVE A GRAPH. You will be asked whether your

graph is in memory. I f i t is a display just created by an ARB

PLOT program, it is in memory. You are then asked the page

your graph is on. I f i t is an ARBPLOT display, i t is on page

2. I f in doubt where your image is , t ry e i ther 1 or 2 . You

wi l l be given an opportuni ty to ver i fy that you real ly do have

the image you want to save, before you save it.

(Note: If you wish to move a previously compressed graph

to memory, or compress a regular hi-res image residing on disk,

at the SLIDE MENU select #2 or #3. You must place the diskette

containing the image in the disk dr ive.)

To save the compressed graph, you are told to "INSERT DISK

ON WHICH GRAPH IS TO BE SAVED AND PRESS RETURN". Generally,

you do nothing here; your GRAPH PACK diskette is the one which

wil l store your compressed graphs. However, you can if you

wish build a l ibrary of compressed graphs on one diskette with

completed slide shows on another.

With your storage disk in place, you are shown the names

of graphs al ready stored (none i f th is is the first graph you

have created) and asked for the name of your graph. Then the

graph is stored, after which you may return to the DISPLAY menu

(ARBPLOT), to the main GRAPH PACK SLIDE MENU, or exit to BASIC.

The compression process depends upon a display image hav

ing lo ts o f b lank space in i t . I t saves on ly the non-b lank

bytes of an image, but must save their locat ions. Therefore,
i f l e s s t h a n h a l f t h e b y t e s a r e b l a n k , t h e " c o m p r e s s e d " v e r s i o n / - - ^

wi l l be la rger than the or ig ina l . The bus ier the image, the

less l ike ly i t is that compress ing wi l l save space.
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After you have compressed the graphs you want, you are

ready to CREATE AND SAVE A SLIDE SHOW. At the SLIDE MENU,
select #4. (To reach the SLIDE MENU to create a show if you

are not already in GRAPH PACK, select "9" at the main ARBPLOT

menu, then "2" at the DISPLAY menu, or boot your GRAPH PACK

diske t te d i rec t l y. ) The fo l low ing menu appears :

CREATE AND SAVE A SLIDE SHOW
SECTORS REMAINING: 56

CHOOSE AN OPTION:

1. LOAD A GRAPH.

2. SHOW GRAPHS LOADED SO FAR.

3. SAVE SLIDE SHOW.

4. CLEAR SLIDE SHOW IN MEMORY.

5. RETURN TO MENU.

YOUR CHOICE?

The first step in creat ing a s l ide show is to load the

graphs. Select #1, LOAD A GRAPH. On the screen you will see

"# SECTORS / NAME:" where NAME is the name you gave to each

compressed graph as you saved it, and # SECTORS is the length
of the compressed graph in disk sectors. Now note the SECTORS

REMAINING which are ini t ial ly 56. Your total compressed sl ide

show can be no longer than 56 sectors. Each time you load a

graph the number of sectors remaining is reduced, but only
af ter loading. I t is up to you to check that there is room for

the next graph. If you try to save too much you may wipe out

everything in memory and have to reboot the system and start
over. When SECTORS REMAINING is less then 10, the number will

flash as a warning.
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You can pick up a compressed graph from any diskette on

which it resides. To switch to a new source of graphs, you

must insert the new diskette before pressing "1" in the CREATE

AND SAVE menu.

As you are creating your compressed slide show, you may

wish to check your progress. Press "2" to see the graphs

already loaded. The "ESC" key returns you to the CREATE AND

SAVE menu.

When you have created the slide show, you must save it.

Press "3" to save. You wi l l be asked to insert the diskette on

which you wish to save the show. The diskette may be (but need

not be) the one on which you have your compressed graphs. You

will be shown the names of slide shows already on the disk,

then you will be asked to name your new show. If you make a

m is take (d i sk f u l l , d i sk w r i t e l ocked , e t c . ) t he ques t i on w i l l

appear again. Correct the indicated problem and cont inue.

When the show is saved, you are returned to the CREATE AND SAVE

menu.

At this point, you may have compressed so many graphs that

you need (or wish) to make more than one slide show. If so,

press "4" in the CREATE AND SAVE menu to clear the memory.
SECTORS REMAINING returns to 56 and you are ready to start

creating the next show.

Rather than saving a new show, however, let's run the show

you have already created. Press "5" to return to the SLIDE

MENU, and select #5, RECALL AND DISPLAY A SLIDE SHOW. You are
shown the names and sizes of the slide shows on the disk and

asked to enter your choice. I f your answer is wrong, e.g., you

misspelled the name, the question wil l appear again. Once your
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show is loaded, press the space bar repeatedly to cycle the
show. Notice how fast you can cycle, which is useful if you
are showing successive stages of a process, like the effects of
increasing number of subdivisions in numerical integration.
Now press "ESC" to return to the menu. You are back at the
SLIDE MENU where you can run another show.

2.5.4. Output to Printer

You may wish to save a display on paper for inclusion in a

report or class notes, or to make a transparency for an over
head projector.

Many printers for the Apple II computer have graphics
capability. ARBPLOT has provision for saving your display on
paper on three of the more popular printers. At the DISPLAY
menu, select #3, OUTPUT TO PRINTER. The following menu
appears:

<<HARDCOPY DISPLAY>>

YOU CAN MAKE A PERMANENT COPY OF YOUR
DISPLAY ON CERTAIN PRINTERS.
DO YOU HAVE

1. APPLE SILENTYPE
2. PAPER TIGER W/GRAPHICS OPTION
3. MX-80 W/GRAPPLER
4. OTHER

^ a m ^ W H I C H ( 1 - 4 ) ?
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The Apple Si lentype dr iver works automat ical ly for the

control ler in any slot. The Paper Tiger and MX-80 drivers ask

for the s lot number of your contro l ler. You have your choice

of two picture sizes for the MX-80.

Be sure your printer is ON and has paper in it 11 Then

enter the appropr ia te number l is ted for your pr in ter.

When pr int ing is complete, you automatical ly return to the

DISPLAY menu. The display image is sti l l in memory, available

for o ther process ing.

Output to the Paper Tiger or MX-80 gives a large well-

proport ioned picture sui table for making a transparency for an
overhead pro jec tor. The output to the S i len type pr in ter, on

the other hand, is compressed to about 80% of the vertical

dimension of the picture seen on the screen. In most cases,

the squashed display is acceptable or can be adjusted by using

manual scal ing to vary the proport ion of the p lot . However, to

get true proportions in polar coordinates, you must change the

plot program. In ARBPLOT3 and ARBINT6, insert line 24047 FF=1.

Suppose you have a different printer with graphics

c a p a b i l i t y, a d i f f e r e n t c o n t r o l l e r, o r w i s h t o u s e a d i f f e r e n t
hi-res screen-dump program. Then what do you do?

You have thr.ee choices. First, you can save your image on

disk for a regular sl ide show, then after you have finished a

session with ARBPLOT you can use your software to recall the

image from disk and pr int i t . This approach is necessary i f

your software requires an image on hi-res page 1.

Second, if your printer driver program can work with an

image on hi-res page 2, display your image and then press "0"
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to exit at the main ARBPLOT menu, rather than "9", SAVE

DISPLAY. Remove the ARBPLOT diskette, insert the diskette with

your program on it, and run your program. When you have

finished, remove your diskette, insert the ARBPLOT diskette and

type "RUN APMENU."

Thi rd, i t may be possib le to incorporate your pr in ter

program into ARBPLOT. See Chapter 6 for suggestions on doing

t h i s .

2.5.5. Loading an Image from Disk

There are several reasons you might wish to load a display

image from disk. You might be rearranging sl ide shows, includ

ing a non-ARBPLOT display in a slide show, recalling an image
to use as background for a new ARBPLOT display (see Fourier

Series example in Chapter 5), pr int ing, etc. To load an image

from disk, select, #4 at the DISPLAY menu.

You will be asked for the file name under which the image

was saved on disk and the slot and drive in which you have

inser ted the d isket te . I f you have a s ing le dr ive sys tem, the

slot will be "6" and the drive "1"; you must remove the ARBPLOT

disket te and insert the disket te wi th your d isplay image before

loading the image, then remove your diskette and insert the
ARBPLOT diskette before taking the next action at the DISPLAY

menu. The image in memory for processing is now the one you

have loaded from a diskette.

Loading a compressed image is accomplished through RECALL
COMPRESSED GRAPH within GRAPH PACK.
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2.5.6. Editing the Display

MH GRAPH EDITOR lets you add, delete, or change text on

any ARBPLOT display or any other hi-res image. It offers upper

and lower case, special symbols, and an "exclusive-or" mode for

p r in t ing tex t i n the co lo r (b lack o r wh i te ) oppos i te tha t o f

the background. The image to be modified must be in memory (it

is, if you are editing an ARBPLOT display you have just

created). The program saves a back-up of the or iginal display

on the unused graphics page which can be restored at any time,

thus a l lowing you to exper iment wi thout los ing the or ig inal .

Once your image is in memory, whether created by an ARB

PLOT program or loaded from disk by DISPLAY or GRAPH PACK,

enter MH GRAPH EDITOR by selecting #5 in the DISPLAY menu. You

can also use MH GRAPH EDITOR outside ARBPLOT by loading your

graph, then inserting the ARBPLOT diskette, and typing "RUN MH /-""i"^
GRAPH EDITOR".

The program starts with three pages of instruct ions in the

edit ing funct ions. These funct ions are descr ibed below and can
also be recalled to the screen at any time while you are

edit ing. You wi l l be shown the two hi-res pages to select the

one you wish to edi t , then the edi t ing session wi l l begin. You

will see the graph you have selected, and a flashing cursor

w i l l i n d i c a t e t h e c u r r e n t p o s i t i o n .

There are four types of edi t ing act ions: cursor movement,

upper/ lower case change, normal or exclusive-or text addit ion,
and normal or a l ternat ive character set . At any t ime Ctr l -E

al lows you to exi t f rom the edit ing session.
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Cursor Movement. The cursor can be moved, without affect

ing the graph, in one of five ways:

" - * * " Move the cursor r igh t one space .
" * * - " Move the cu rso r l e f t one space .
Ctrl-Q Move the cursor up one space.
Ctrl-Z Move the cursor down one space.
RETURN Move cursor to start of next line.

Upper Case and Lower Case. The "ESC" key will cycle

through three modes. When you first enter the edi tor, pressing
a le t te r key wi l l resu l t in lower case pr in ted a t the cursor

pos i t i on . I f you dep ress "ESC" fi rs t , however, t he nex t l e t t e r

key you press will show in upper case, and subsequent letters
wi l l rever t to lower case. Press ing "ESC" twice ( f rom the

lower case mode) resul ts in a shi f t lock and al l fur ther le t

ters show in upper case until "ESC" is pressed again.

Exc lus ive -Or Mode. Norma l l y, i f the cursor i s flash ing

over a portion of the graph and you type a character, a cursor-

s ized por t ion o f the graph is los t . I f you then erase the

character, the graph from that posi t ion does not re-appear.

(The entire original graph can be restored as described below,

but the al terat ion f rom the edi t ing session wi l l have been

los t . ) The exc lus ive-or mode, en te red by p ress ing Ct r l -X , w i l l

show each letter as the reverse of its background, so that typ

ing the same let ter twice in the same posi t ion wi l l restore

tha t por t ion o f the g raph to i t s o r ig ina l appearance . Th is

a l lows exper imenta t ion w i thou t des t ruc t ion . The exc lus ive -o r

mode can also be used to create text which doesn't disconnect a

graph or otherwise get in the way. Once entered, this mode

stays in e ffect unt i l you press Ctr l -N (normal mode) , or unt i l

you end the editing session. Exclusive-or mode was used in the

figure below; not ice the mingl ing of curve and characters.
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Al te rna te Charac te r £e t . i n add i t ion to us ing the s tan

dard characters represented on the Apple II keyboard, you can

access an alternate character set by preceding any letter "a"

through " t " w i th Ct r l -A. (The Ct r l -A prefix must precede each
le t t e r f o r wh i ch an a l t e rna te i s des i red . ) The a l t e rna te

character set and corresponding letters are given below:

ft lternate char 3c te r se t <Ctrl-ft>
ft
B A

K
L
M J

c 2 N C

D •/ 0 \
E ^ P 1
F ■> Q _
G 4 R t
H -I- s }

I ■/ T -
J •ir
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Ending ths. Edi t ing Session. To qui t edi t ing the graph,

tempora r i l y o r f o r good , t ype C t r l -E . You w i l l ex i t t he

graphics page to the following menu:

CHOOSE AN OPTION:

1. SAVE GRAPH

2. EDIT PICTURE

3. RE-EDIT ORIGINAL PICTURE

4. REVIEW INSTRUCTIONS

5. EXIT

YOUR CHOICE? (1-5)

SAVE GRAPH returns you to the DISPLAY program menu from

which the edited graph can be saved to disk, compressed, or

/ / "^n pr inted. EDIT PICTURE picks up where you lef t off edi t ing a

graph; nothing will have changed. RE-EDIT ORIGINAL PICTURE
restores your or ig inal graph f rom the a l ternate h i - res page

(wiping out the edited version) and puts you into the edit mode
for a fresh start. REVIEW INSTRUCTIONS returns you to a

description of program functions, from which you can continue

edit ing the graph. EXIT returns you direct ly to the main ARB
PLOT menu or Applesoft.

All the graphics text generation in ARBPLOT uses the High

Resolution Character Generator by Christopher Espinosa.

f^* \
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3. Details: What Each Program Does
and How to Use It

3.1. Curve Plotting Programs
The first four programs on Disk 1 plot curves. As shown

on the main ARBPLOT menu, these are

1 . P L O T Y ( X ) ( P r o g r a m A R B P L O T 1 )

2 . P L O T X ( T ) V S . Y ( T ) ( P r o g r a m A R B P L O T 2 )

3 . P L O T R ( T ) ( P O L A R ) ( P r o g r a m A R B P L O T 3 )

4. PLOT YKX) ,Y2(X) , SIMULTANEOUSLY (Program ARBPLOT4)

ARBPL0T1 plots Y as a function of X in rectangular coor

dinates. ARBPL0T2 plots X(T) vs. Y(T) (parametr ic equat ions)

in rectangular coordinates. ARBPL0T3 plots R (radius) as a

funct ion of T (angle theta) in polar coordinates. ARBPL0T4

plots two independent curves YKX) and Y2(X) in rectangular

coo rd ina tes . A l l sha re ce r ta in a t t r i bu tes as desc r i bed i n t he

example from ARBPL0T1 given above; each has its own special
f ea tu res .

Each of the plot programs can have automatic or manual

sca l i ng . I n au toma t i c sca l i ng , a l l va lues o f t he f unc t i on a re
c a l c u l a t e d b e f o r e p l o t t i n g ; t h e p l o t fi l l s t h e s c r e e n . I n

manual scaling you set the minimum and maximum values for the

dependent var iable(s). You must use manual scal ing i f the
function is unbounded or has a gap in its domain.
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Each plot program requires you to specify the increment

between points in the independent variable as well as the

in te rva l fo r the p lo t . When en te r ing l im i ts , you can p ress

"RETURN" to retain the previous value. The increment in ARB-

PL0T1, ARBPL0T2, and ARBPL0T4 is the actual difference between

successive values of the independent variable. ARBPL0T3 cal ls

for the number o f po in ts per revo lu t ion . The reso lu t ion o f the

horizontal axis in rectangular coordinates in ARBPLOT is 190

points; therefore, there is no reason to plot more than 190

points in ARBPLOTl or ARBPL0T4 (the program limit is 200

points). However, up to 500 points may be plotted in ARBPL0T2

(parametric) or 768 points in ARBPLOT3 (polar) to give adequate
resolution for curves which double back upon themselves. The

l imits are the dimensions of the arrays of funct ion values

fil led when automat ic scal ing is used.

A l l o f t he p l o t p rog rams pe rm i t you t o c l ea r o r keep t he '—■^

prev ious d isp lay. Keeping the d isp lay le ts you over lay curves

on one another. I f you keep the prev ious d isp lay, a l l o f the

tex t on the sc reen re fe rs to the l as t cu rve p lo t ted . I n a l l o f

the plot programs except polar coordinates, you may plot the

curve as a dotted or sol id l ine. In al l of them, you may show

or suppress the axes. Pressing the appropriate key switches

you back and forth between the two alternatives.

I f you use a so l id l ine to p lo t a curve wi th fin i te jumps,

such as Y(X)=INT(X), a line will be drawn across the gap rather

than skipping i t . Since ARBPLOT only calculates a finite num

ber of funct ion values, i t cannot dist inguish between a steep

r i s e a n d a d i s c o n t i n u i t y . To s h o w a fi n i t e d i s c o n t i n u i t y , p l o t ^ " ^

a dotted line with minimum spacing between points.
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You may interrupt the plott ing at any t ime by pressing any

key. Press a key a second t ime to resume plot t ing. Pressing
Ctrl-E as the second stroke does not resume plott ing, but

instead moves directly to printing minimum and maximum values,

then takes you to "End" to return to the menu.

3.1.1. Special Features of ARBPLOT1

ARBPL0T1 plots a single function of a single variable in

rectangular coordinates. In a sense, ARBPL0T1 has no special

features; i t is the bas ic p lo t program, and i ts features were

descr ibed in the examples in Chapter 2. However, let 's t ry one

more example to i l lust rate features of a l l o f the programs.

At the main ARBPLOT menu, select #1, PLOT Y(X). Set

Y(X)=INT(X+1), Xmin=0, Xmax=3, and DELTA X=.l, with automatic

sca l ing . C lea r the p rev ious d i sp lay, choose a so l i d l i ne fo r
the curve, and show the axes. Now press "7" to plot.

F i r s t , no te the r i s i ng l i nes connec t i ng the ho r i zon ta l

segments as mentioned above. If you want to show the

discontinuit ies, set DELTA X=.015 and use a dotted l ine for the

curve. The points touching each other g ive the effect of a

s o l i d l i n e .

Next, not ice that the bot tom of the display area is Y=l ,

so the X-axis is not shown and the tic-marks appear on the bor

der. I f you want the display to start at Y=0, use manual scal

ing with Ymin=0.

Finally, notice that Ymax=3, even though Y(3)=INT(3+1)=4.

Since ar i thmet ic in Applesof t BASIC is b inary, carry ing a
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fin i te number o f d ig i ts , roundoff e r ro rs in comput ing the

increment and calculat ing successive values of the independent

variable may lead to overshoot or undershoot at the end of the

i n t e r v a l .

3.1.2. Special Features of ARBPLOT2

ARBPL0T2 plots two parametric equations against each

other. The main addit ional feature i t has over ARBPL0T1 is the

ab i l i t y to au tomat i ca l l y make ho r i zon ta l and ve r t i ca l sca l i ng
the same or independent of each other.

>>ARBPL0T2 - CURRENT VALUES & CHOICES<<

1. FUNCTIONS
X(T)=T"3-T
Y(T)=3*T*2-1

2. LIMITS/SCALING DELTA T« .05
TMIN=-1 TMAX=1
XMIN=0 XMAX=0
YMIN=0 YMAX=0

AUTOMATIC :SCALING: INDEPENDENT

3. SCREEN: CLEAR PRESENT DISPLAY
4. CURVE: SOLID LINE
5. AXES: SHOW

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

Run the bui l t - in example in ARBPL0T2 to i l lustrate i ts

use. At the main ARBPLOT menu, select #2, PLOT X(T) VS. Y(T).

In the ARBPL0T2 menu, press "7". The figure drawn looks like

an aspen lea f , fi l l ing the screen f rom le f t to r igh t and top to
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plot. Note how the odometer keeps running (and the program

keeps calculating) even when offscale. The minimum and maximum
values pr inted to the lef t of the curve are the extreme

calcu la ted va lues, not d isp layed va lues.

Next, change to same scaling on both axes, leaving all

o ther set t ings a lone; the ent i re curve now appears. Note that

w i th manua l sca l ing there i s no in i t ia l wa i t ing per iod fo r ca l

culat ion; at t imes you may find i t useful to develop a curve

outs ide of c lass us ing automat ic sca l ing, note the l imi t set

t ings , and run i t w i th manua l sca l ing in c lass . As a fina l

exercise, set DELTA T=.l with no other changes, then plot and

note the tradeoff between speed and smoothness of the curve.

3.1.3. Special Features of ARBPLOT3

ARBPL0T3 plots a single function, R, of a single variable,

T, in po lar coord inates . The independent var iab le is g iven in
radians. ARBPL0T3 di ffers from the other plot programs in that

the increment is g iven in points per revolut ion rather than

DELTA T, and that the curve is always a solid line when R is

positive and dotted when R is negative.

At the main ARBPLOT menu, select #3, PLOT R(T) (POLAR).

When the ARBPL0T3 menu appears, observe that there are only

four values to be set.

/^^ •N ,
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>>ARBPL0T3 - CURRENT VALUES & CHOICES<<

1. FUNCTION
R(T)=SIN(1.5*T)

2. LIMITS/SCALING POINTS PER REV= 64
T M I N = 0 T M A X = 1 2 . 6
R M I N = 0 R M A X = 0

SCALING: AUTOMATIC

3. SCREEN: CLEAR PRESENT DISPLAY
4. AXES: SHOW

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVE
8. EXIT

CHOICE: CHANGE VALUE(1-4)
ACT(6-8)

WHICH(1-8)?

Press "7" to run the example. Note that only the posi t ive

polar ax is is d isp layed. As the curve is drawn, a "+"

per iod ica l l y flashes in a c i rc le a round the r im o f the p lo t

showing the progression of the angle Theta (T). As T

increases, R goes from zero to one to zero, while a solid l ine
is drawn. As R becomes negative the curve changes to dotted

and the flashing "+" is across the circle. When R once again

becomes positive the curve becomes a solid line.

APBFLCT3
Tmir>=G
Tmax=12.6
Fmir.=~l
Rm3.x= i

AR=. l
1=12.6
R =SIN<1.5*T)

- [ ) '■ !

"0";
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Now let 's t ry p lo t t ing a lemniscate, a funct ion wi th a gap

in its domain. Set R(T)=SQR(COS(2*T)), Tmin=0, Tmax=6.3,

po in ts per revo lu t ion=80, bu t leave sca l ing au tomat ic . Press

"7" to p lo t . An er ror message wi l l appear wh i le ca lcu la t ing

since the cosine goes negat ive. Answer "N" to return to the

ARBPL0T3 menu and change to manual scaling with Rmin=0 and

Rmax=l. Again plot. Observe that the second cusp of the lem

niscate does not s tar t a t zero . Th is is due to roundoff e r ror

f rom the fin i te number o f po in ts p lo t ted . Exper iment w i th

changes in the number of points per revolution and tiny changes

in Tmin to see how close you can come to showing the whole

curve. Note also that Rmin=-lE+37 and Rmax=lE+37, the signal

that there have been points at which R could not be evaluated.

Return to the ARBPL0T3 menu for one more example, this

time a hyperbola to show a function increasing without bound.

Set R(T)=1/(1+1.5*C0S(T)), Tmin=0, Tmax=6.3, points per

revolution=160, manual scaling, Rmin=-4 and Rmax-4. When the

plot is completed note that Rmin and Rmax are not infinite.
The fin i t e numbe r o f po i n t s w i t h fin i t e a r i t hme t i c usua l l y w i l l

skip discontinuities; Rmin and Rmax wil l be 1E+37 if the

discont inui ty should be reached exact ly.

To p l o t en t i r e l y so l i d o r en t i r e l y do t t ed l i ne cu rves i n

polar coordinates turn to parametric equations. Use ARBPL0T2
to plot X(T)=R(T)*COS(T) vs. Y(T)=R(T)*SIN(T) where R(T) is

you r po la r f unc t i on .

3 . 1 . 4 . S p e c i a l F e a t u r e s o f A R B P L O T 4 ^ " * ^

ARBPL0T4 plots two independent functions, YKX) and Y2(X),

of a s ing le independent var iab le in rectangular coord inates.
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This is useful in the study of the behavior of two re lated

f u n c t i o n s . A d d i t i o n a l f e a t u r e s i n c l u d e p l o t t i n g a f u n c t i o n

w i th i t s i nve rse and au tomat i ca l l y d raw ing ve r t i ca l l i nes

through the zeroes of Y2(X). At the main ARBPLOT menu, select

#4, PLOT YKX),Y2(X), SIMULTANEOUSLY.

>>ARBPL0T4 CURRENT VALUES & CHOICES<<

/ ^

1. FUNCTIONS
Yl(X)=SIN(X)
Y2(X)=X-X* 3/6+X* 5/120

2. LIMITS/SCALING DELTA X= .2
X M I N = 0 X M A X = 6
Y M I N = - 3 Y M A X = 3

SCALING: MANUAL

3. SCREEN: CLEAR PRESENT DISPLAY
4. CURVES: Yl IS DOTTED LINE

Y2 IS SOLID LINE
NO VERTICALS ON Y2

5. AXES: SHOW

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVES
8. EXIT
CHOICE: CHANGE VALUE(1-5)

ACT(6-8)
WHICH(1-8)?

Press "7" to run the example, the fif th degree Taylor

approximation to SIN(X).

ARBPL0T4
::--¥ii-n=e
XTij5.K=6
VI. tvi Iff -.996
Ylmax=l
V2iriiri=6
V2!r!3.x=34.8

Vi=SIN<H)
V2= X-K ''3/6+X A5/126

f /
1 /1 i

' ■ ■■■
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Scal ing is manual. Note that one curve goes off scale

while the other doesn't. Observe that Ymin and Ymax on the

display are the calculated range of Y while Ymin and Ymax in

the menu are the screen bounds. With the same functions, set

Xmin=0, Xmax=4, DELTA X=.l, and automatic scaling. Now plot

and observe that the two functions have the same scaling, from

the minimum of Yl to the maximum of Y2.

Gaps in the domains of the two functions are treated

independently. Set YKX) =SQR(1-X"2) , Y2(X) =SQR(X~2-1) . Set

Xmin=-2, Xmax=2, DELTA X=.05, manual scaling, Ymin=0, Ymax=1.5.

Plot; note that for any X except X=-l and +1, only one of the

curves ex is ts .

You can create and plot the inverse of a funct ion. Set

YKX)=EXP(X), Y2(X)=INVERSE, Xmin=-1, Xmax=4, DELTA X=.l,

manual scal ing, Ymin=-1, Ymax=4, then plot. Manual scal ing is

needed since the process interchanges X and Y in plotting the

inverse. The funct ion need not be monotonic; try YKX)=SIN(X)

on the same interval to show the possible need for restr ict ing

the domain in order to have an inverse.

Finally, let Y1(X)=SIN(X), Y2(X)=C0S(X), Xmin=0, Xmax=6,

DELTA X=.l , automatic scal ing, and auto vert icals (see choice

4) . As the curves a re p lo t ted , ve r t i ca l l i nes a re d rawn

automatical ly through the zeroes of Y2. This feature can be

used to show relationships between a function and its

der ivat ive. Compare th is feature in ARBPL0T4 wi th the s imi lar

one for a geometrically generated derivative in MH PL0T1

(se lec t ion 6 , D isk 1) .

^
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3.2. Programs Involving Derivatives
Three programs on Disk 1 involve l imits, derivat ives and

their use. As shown on the main ARBPLOT menu, these are:

5 . L I M I T S & D E R I V A T I V E S ( P r o g r a m A R B L I M )

6. DERIVATIVE FUNCTION WITH EXTREMA (Program MH PL0T1)

7 . R O O T S O F F ( X ) = 0 ( P r o g r a m A R B R O O T )

ARBLIM presents the eps i lon-de l ta defin i t ion o f the l im i t ,

the slope of the tangent as the l imit of slopes of secants, and

the mean value theorem for derivatives. MH PL0T1 shows the

geometr ic re la t ionship between a funct ion and i ts der ivat ive.
ARBROOT approximates roots of F(X)=0 by Newton's Method, Regula

Fa ls i , and B isect ion . As wi th the p lo t t ing programs, each

program permits you to specify the function to be plotted and
t h e i n t e r v a l o f p l o t t i n g , t h e n c a r r i e s o u t i t s a p p r o p r i a t e

process .

3.2.1. Limits and Derivatives

ARBLIM presents graphical demonstrat ion of three l imit

p r o b l e m s : t h e e p s i l o n - d e l t a d e fi n i t i o n o f t h e l i m i t o f a f u n c

t ion, the s lope of the tangent as the l imi t of the s lopes of

secants, and the mean value theorem for derivat ives. In the

main ARBPLOT menu select #5, LIMITS & DERIVATIVES.
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>>ARBLIM - CURRENT VALUES & CHOICES<<

1. FUNCTION
Y(X)=X"3

2. LIMITS
X M I N = 0 X M A X = 2

3. PROBLEM: DERIVATIVE AT X=l

4. SCREEN: CLEAR PRESENT DISPLAY

5. DERIVATIVE:
Y' (X)=3*X"2

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVE
8. EXIT
CHOICE: CHANGE VALUE(1-5)

ACT(6-8)
WHICH(1-8)?

As with other programs, you must specify the function to

be plot ted and the l imits on the independent var iable. You do

not specify DELTA X; 49 points are automatical ly plotted with

automat ic sca l ing. In addi t ion, you must se lect the prob lem to

be solved, which is reached through a subsidiary menu by

p r e s s i n g " 3 " . D o n ' t d o t h i s y e t .

To see ARBLIM at work, press "7" at the ARBLIM menu. The

problem is to find the der ivat ive of Y(X)=X"3 at X=l . The
curve wil l be plotted for 0^X^2, then the secant through X=l

and X=2 will be drawn. When the message "L,R,<,>,E?" appears

at the bottom of the screen press "<" to move the point of

c ross ing o f the secant to the le f t , repeat ing the process unt i l

you have reached the tangent, DELTA-X=0. If you want to start
t h e l i m i t i n g p r o c e s s a g a i n f r o m t h e l e f t , p r e s s " L " o r f r o m t h e ^

r ight , press "R" . To ex i t the menu, press "E" .
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Jerivat iv<
Xmin=8

Vtfiin=6
ViViSX-S

A X = . l

AV=1

BELTft-
V'<1)=3

You can overlay one plot on another by keeping the

previous display when solving a new problem. You may, but need

not , spec i fy the der iva t ive funct ion for compar ison wi th the

l imit in the der ivat ive and mean value problems. Warning:

ARBLIM does not check to see whether your specified Y'(X)

r e a l l y i s t h e d e r i v a t i v e f u n c t i o n .

3.2.1.1. Limit

The eps i l on -de l t a defin i t i on o f t he l im i t o f a f unc t i on a t

a point states that L is the limit of Y(X) as X approaches XL

if given c>0 there exists 8>0 such that 0<IX-XLl<5 implies

IY(X) -L I<€ . ARBLIM checks on ly IX -XLK6. (No te : In the fo l

lowing discussion, EPS stands for 6 and DELTA stands for 5.)

Press "3" in the ARBLIM menu to select the problem to be

solved. You wi l l now have the fo l lowing choices:
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- - PROBLEM

PRESENT CHOICE IS DERIVATIVE

THE CHOICES ARE:
1. LIMIT
2. DERIVATIVE
3. MEAN VALUE

WHICH(1-3)?

C h o o s e " 1 " f o r t h e e p s i l o n - d e l t a d e fi n i t i o n o f t h e l i m i t . Yo u

are asked for the l imi t . Ignore this; we are making more

changes.

The function must be increasing or decreasing with no

max ima o r m in ima in te rna l t o the -p lo t t i ng i n te rva l . Se t

Y ( X ) = X ~ 3 + 1 f o r i l l u s t r a t i o n . I g n o r e t h e r e q u e s t f o r t h e l i m i t .

Note that changing the funct ion wipes out the der ivat ive func

tion, which is not needed in this case.

Set Xmin=0 and Xmax=l. You will again be asked for the

value of the l imi t . Reject the g iven va lue, then answer "Y" to

get Y(0.5) , or e lse speci fy a value, e.g. , speci fy Y=0.2 as

your guess for the l imi t . You wi l l have noted that you have
been asked for the l imi t three t imes. You wi l l be asked for

the l imit any t ime you change the problem, the function, or the

in terva l . Spec i fy the l im i t in the las t change you make.

Now press "7" to plot the funct ion and begin the l imit ing

process. The curve Y=X*3+1 is plot ted for OiKH, scaled so
that ver t ica l and hor izonta l l ines in the midd le o f the screen

show the spec ified l im i t po in t , w i th the loca t ion o f the po in t

g iven numer ica l ly a t the bot tom of the screen. Hor izonta l
lines are drawn at Y=LIMIT±EPS, then the location of the

vert ical l ines at X+DELTA are calculated and displayed so that
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IX-XLKDELTA forces IY-LIMITKEPS. EPS and DELTA are then

d isp layed numer i ca l l y.

The ini t ia l value of EPS is 1/4 the height of the screen.

Choices given at the end of each step are "C,Z,E?". Choosing

"C" divides EPS by two. "Z" zooms to fil l the screen with the

previous EPS-DELTA rectangle. "E" exits to the ARBLIM menu.

The value of DELTA is obtained by interpolation in the

table of 49 values of Y which define the curve. Therefore, EPS

cannot be made arbitrar i ly small on a given display. When

DELTA reaches 1/24 of the screen width the message "AS CLOSE AS

POSSIBLE; Z TO ZOOM" is displayed. You can zoom to make EPS

sma l l e r, o r you can ex i t . I f L IM IT i s no t t he l im i t , you

eventually will get the message "*** NOT THE LIMIT ***" when
there is no DELTA to go with EPS. (Try this example again with

LIMIT=0.2. )

With very small EPS, on the order of 10 or smaller, you

may get "*** NOT THE LIMIT ***" or even "Y(X) MUST INCREASE OR
DECREASE/NO UPS AND DOWNS" even though you have a proper func

t i on and co r rec t l im i t , due t o r oundo f f e r r o r i n t he fin i t e

ar i thmet ic of the computer.

A funct ion wi th a fini te jump can be presented, e.g. ,

Y(X)=X*INT(X+1) for Xmin=0, Xmax=2, even though the jump may

show as a s teep l ine ra ther than a d iscon t inu i ty. Try Yd) fo r

the l imit , then Y=1.5. I f the jump between successive points is

greater than 1/4 the height of the screen, the jump is assumed
to be due to a discontinuity, and a gap is shown. You wi l l

f ^ ^ qu i ck l y ge t " * * * NOT THE L IMIT * * * " f o r any guess fo r t he l im i t
o f a funct ion wi th a jump. Due to a pecu l iar i ty in the

program, you will sometimes get "Z TO ZOOM" once before
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"*** NOT THE LIMIT ***".

You can begin to show that the limit of the function is
n o t n e c e s s a r i l y t h e v a l u e o f t h e f u n c t i o n i f t h e j u m p i s ^ ^

small, although zooming will soon reveal the jump. Try
Y(X)=(X<=.999 OR X>=1.001)*X*X+(X>.999 AND X<1.001)*1.2 for
0^X^2. Roundoff error requires us to say (X>.999 AND X<1.001)
rather than simply X=l.

3.2.1.2. Derivative

The built-in example in ARBLIM finds the slope of the

tangent as the limit of the slopes of secants. Let's try
another example. Press "3" to select the problem to be solved,
then press "2" for the derivative.

The function must be defined on the entire plotting inter
val and differentiable on some interval containing the mid

point. Peculiar things can happen with an improper function.
Set Y(X)=X"3-X for illustration. Note that changing the func
tion wipes out the previous derivative function. Set Xmin=-1
and Xmax=1.5. The derivative will be approximated at X=0.25.

Now press "7" to plot the function and begin the limiting

process. The curve Y=X~3-X is plotted for -l.iX.ll.5 scaled to
fill the screen from bottom to top, then the secant through
X=0.25 and X=1.5 is drawn, and the message "L,R,<f>,E?" appears
at the bottom of the screen. Choosing "L" draws the secant to
the left edge of the curve, and "R" to the right edge. Choos

ing "<" moves the point of crossing one unit to the left, and
">" one unit to the right. The current value of DELTA-X and
the slope of the secant are shown at each step. When DELTA-X=0
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the program draws an approximation to the tangent by drawing

the secant with base width .001*(Xmax-Xmin) from the left or

r i g h t . Tw e l v e s t e p s s p a n t h e d i s t a n c e f r o m f u l l l e f t o r r i g h t
to the midd le .

Choosing "E" exits to the ARBLIM menu. Now exit to the

menu and set the derivative Y1(X)=3*X~2-1. Press "7" again and

repea t t he l im i t i ng p rocess . The exac t ( t o 3 s i gn i fican t

dig i ts) value for the der ivat ive shows at the bot tom of the
screen. Warning: ARBLIM does not check to see whether your

s p e c i fi e d Y ' ( X ) r e a l l y i s t h e d e r i v a t i v e f u n c t i o n .

You can get a rough idea of the behavior of a function

w i th a ve r t i ca l t angen t o r w i t h l e f t and r i gh t l im i t s o f t he

secants unequal. Try Y(X)=SQR(ABS(X)) for Xmin=-1 and Xmax-1.

3.2.1.3. Mean Value Theorem
The Mean Value Theorem states that there is at least one

po in t on the arc o f the curve o f a d i f fe rent iab le funct ion a t

which the tangent is para l le l to the chord . Let 's demonst ra te

th is . Press "3" to select the problem to be solved, then press

"3" for Mean Value.

The funct ion must be defined and different iable on the

en t i re p lo t t i ng i n te rva l . Pecu l i a r t h ings can happen w i th an

i m p r o p e r f u n c t i o n . S e t Y ( X ) = 4 * X - X ~ 2 f o r i l l u s t r a t i o n . N o t e

again that changing the function wipes out the previous

derivative function. Set Xmin=0 and Xmax=3.

Now press "7" to plot the funct ion and begin the l imit ing

process. The curve Y=4*X-X*2 is plotted for 0iLX£3 scaled to
fi l l the sc reen bo t tom to top , the chord i s d rawn, the fi rs t
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secant is drawn, and the message "L,R,<,>,E?" appears. The

X-coord inate o f the le f t -most in tersect ion of chord and curve

appears, as does the slope of the chord. Pressing ">" moves
the po in t o f in te rsec t ion to the r igh t , "L " to the ex t reme

le f t , and "R" to the ex t reme r igh t . As be fo re , "E" ex i t s to

the ARBLIM menu.

A 25-point (24 in terva ls) gr id is used. When s tepping

reaches the grid point closest to the point of tangency, a new

process i s invoked . A parabo la i s fi t ted to the neares t po in t

and i ts neighbors, the point of tangency to that parabola is

determined, and a vert ical l ine is drawn through the point .

The point of tangency to the parabola is taken as the

approximation to the point of tangency to the curve.

Now return to the ARBLIM menu with "E" and enter the

de r i va t i ve Y 'X (X )=4 -2 *X . Repea t t he p l o t t i ng / l im i t i ng p rocess

by pressing "7" followed by the necessary number of ">"s. When

tangency is reached, the message "Y'(1.5)=l" appears at the
bottom of the screen. The derivative has been evaluated at the

approximate tangent point .

To see that the tangent point is only approximate and to

see multiple tangents, repeat the Mean Value process with

Y(X)=X"3-X and Y'(X)=3*X"2-1 for -1^X^1.5.

3.2.2. Derivative Function with Extrema

MH PL0T1, selection #6 on ARBPLOT Disk 1, geometrically

i l l u s t r a t e s t h e r e l a t i o n s h i p b e t w e e n a f u n c t i o n a n d i t s ^ ^ v

der iva t ive . The program is in tended pr imar i ly fo r c lassroom

demonstrat ion of (1) the der ivat ive as a funct ion and (2) the
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firs t de r i va t i ve t es t f o r ex t rema . You need on l y en te r t he

funct ion and i ts domain (and i ts range i f manual scal ing is

selected); the program computes the der ivat ive numerical ly, and

proceeds on its own.

The program first takes you from the idea of der ivat ive at

a po in t ( tangent s lope) to the idea o f the der iva t ive func t ion .

Then based on changes of sign of the derivative, local extrema

in the domain are computed.

To see how MH PL0T1 works, on the main ARBPLOT menu select

#6, DERIVATIVE FUNCTION WITH EXTREMA.

>>MH PL0T1 - CURRENT VALUES & CHOICES<<

1. FUNCTION
F(X)=SIN(X)

2. LIMITS
X : [ - 1 , 7 ]
Y: [ - 1 . 2 , 1 . 2 ]

SCALING: MANUAL

ACTIONS:

6. SHOW CURRENT DISPLAY
7. PLOT
8. EXIT

CHOICE: CHANGE VALUE(1,2)
ACT(6-8)

WHICH?

Press "7 " f o r t he bu i l t - i n examp le . The o r i g i na l f unc t i on

F(X) is graphed at the upper lef t of the screen, with scal ing

done manual ly or automat ica l ly as desi red. Descr ip t ive data is

l i s t e d o n t h e r i g h t .
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MH PLGT1
f(>0 =" i (K) SINOO

The next phase is the test for extrema. The program first

looks for changes of sign of F'(X). For each change of sign,

some "zeroing in" is done (by a secant method) to find the

^ ^ c o r r e s p o n d i n g z e r o o f F ' . A v e r t i c a l l i n e i s d r a w n t h r o u g h

this value of X, intersecting the graph of F(X) at an extremum.

This point is then classified as a local maximum or minimum and

l is ted on the r ight s ide of the screen. The procedure is

repeated unt i l a l l s ign changes are exhausted. ( I f no extrema
are found, the message "EXTREMA: NONE" is flashed.)

In addi t ion to the ext rema, in format ion about sca l ing is

l isted at the right. The values Xmin and Xmax give the

extremes of X on both graphs, AX is the distance between suc

cessive t ic-marks on the X-axis. Likewise, Ymin, Ymax, and AY

are given for each of the two graphs.

f * ^
In some applications of MH PL0T1, the intermediate

d isp lays are more in te res t ing than the fina l one. I f you w ish
to save an intermediate display, freeze the image during the
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plot t ing of F ' (X) by press ing any key, then press Ctr l -E to

exi t . This wi l l take you to the program's menu, from which you

can exit to the main ARBPLOT menu. Choosing #9, SAVE DISPLAY,

wi l l a l low you to capture the image you previously froze.

Warning: MH PL0T1 uses numerical di fferent iat ion to

obta in F ' (X) and can be foo led . I f the func t ion dev ia tes

wi ld ly on the domain, unpred ic tab le resu l ts can occur. For

example, the function TAN(X) has many vertical asymptotes on

the domain [0,100], and not enough values of F(X) will be sam

pled to do jus t ice to the computat ion o f F ' (X) . Th is can

usua l l y be remed ied by su i tab ly res t r i c t ing the func t ion 's

domain; in the case of TAN(X), the domain [-1.5,1.5] does well.

3.2.3. Roots of F(X)=0

ARBROOT finds roots of F(X)=0. There are two steps to

find ing a rea l r oo t o f a rea l equa t i on . F i r s t , t he roo t mus t
be isolated, i .e., the root must be shown to l ie in a known

i n t e r v a l . I f t h e f u n c t i o n i s c o n t i n u o u s , i t s u f fi c e s f o r t h e

func t ion to change s ign in the in te rva l . Second, the i so la ted

root must be evaluated to the desired degree of accuracy.

ARBROOT solves the second problem for continuous functions. If

the funct ion is d iscont inuous, pecul iar th ings can happen.

To use ARBROOT, select #7 in the main ARBPLOT menu.
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>>ARBROOT - CURRENT VALUES & CHOICES<<

1. FUNCTION
F(X)=X"2-5
F' (X)=2*X

2. BOUNDS ON ROOTS
X M I N = 0 X M A X = 5

3. METHOD: NEWTON

4. SCREEN: CLEAR PRESENT DISPLAY

ACTIONS:
6. SHOW CURRENT DISPLAY
7. FIND ROOT
8. EXIT

CHOICE: CHANGE VALUE(1-4)
ACT(6-8)

WHICH(1-8)?

As with other programs, you must specify the function to

/ ^m\ be p lo t ted and l im i t s on the independen t va r iab le . You do no t

specify DELTA X; 49 points are automatically plotted. ARBROOT

finds roots by three methods. Choice 3 in the ARBROOT menu

gives the subsidiary menu for selecting the method.

METHOD

PRESENT CHOICE IS NEWTON

THE CHOICES ARE:
1. BISECTION
2. REGULA FALSI
3. NEWTON

WHICH(l-3)?

Before exploring other methods, press "7" in the ARBROOT

•mm^ menu to see Newton's Method of finding the square root of 5.
The program plots the curve, draws the first tangent l ine, and

obta ins the fi rs t approx imat ion . Press "C" to ge t the nex t
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approximation and then continue pressing "C" unti l the message

"YOU HAVE FOUND THE ROOT!!!" appears. Note that each time you

press "C", new values for N ( the i terat ion count) , X ( the

current approximat ion), and F(X) ( the value of the funct ion)

appear on the screen along with the depict ion of the action.

^

ROOTS
Newton

-S£ JOU HAVE FOUND THE ROOT! i I"

AV=iS

/ .

F(X)=XA2-5
;>::= 2.2366679S F(!>:!)= 9

How did the program know the root had been found? Any

interat ive procedure must have a cr i ter ion for convergence.

ARBROOT has two. The root is considered found when either two

successive approximat ions di ffer by less than .5xl0~ or the
— 8

absolute value of the funct ion is less than 10 .

Now return to the ARBROOT menu by pressing "E". Change

the method to Bisection and press "7" to plot. Then press "C"

a few t imes to observe the process. B isect ion inev i tab ly but

slowly converges. Along the way, one approximation may move
far ther f rom the root than i ts predecessor. Each approx imat ion

cuts the interval in hal f ; soon you cannot d ist inguish two suc

cessive approximat ions. Now press "Z" to zoom. Funct ion

values are recomputed and a new plot is drawn with the previous
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sma l les t i n te rva l expanded to fi l l t he sc reen . Con t inue w i th

"C" and "Z" unti l you reach the root.

Return to the ARBROOT menu again by pressing "E". Change

the method to Regula Falsi , press "7", and plot again. Press

"C" a few times to observe the process. Zooming in Regula

Falsi or Newton is usual ly not very effect ive, since one end of

the in te rva l usua l l y rema ins fixed .

Newton's Method usual ly converges fastest , but i t is not

foo lp roo f . To i l l us t ra te , se t F (X )=COS(X) , re tu rn to Newton ' s

Method , se t t i ng F ' (X )= -S IN(X) , and p ress "7 " . F i r s t , you w i l l

get an error message since COS(O) and COS(5) are both positive.
ARBROOT needs opposite signs. Change the interval to 0^X14 and

t r y a g a i n . P r e s s " 7 " t o s t a r t . T h e r e i s a r o o t i n t h e i n t e r

val, but Newton's Method would miss it. The tangent from the

r igh t end o f the in te rva l wou ld lead ou ts ide the in te rva l ; the

tangent from the left end is horizontal. ARBROOT forces con

v e r g e n c e . F i r s t , i t c a l c u l a t e s t h e t a n g e n t l i n e a t t h e r i g h t
e n d o f t h e i n t e r v a l . I f t h a t l i n e f a i l s t o c r o s s t h e X - a x i s

w i th in t he i n te rva l , t he tangen t l i ne a t t he l e f t end i s ca l

cu la ted . I f tha t a lso fa i l s , ARBROOT tu rns to b isec t ion .

Cont inue press ing "C" unt i l the root is found. One b isect ion

suffices to put Newton's Method on the way to convergence.

Try one more example, st i l l with Newton's Method. Set

F(X)=X~3-X+1, F'(X)=3*X~2-1, Xmin=-2, Xmax=2, then plot. Note

what happens when N=4.

3.3. Sequences and Series
There is a single program giving graphic treatment of
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sequences and series, ARBSEQ, selection #8, on ARBPLOT Disk 1.

ARBSEQ presents the terms of a sequence, and optionally,

the part ial sums of the associated series and a funct ion of the

terms of the sequence. The sequence can be defined expl ici t ly

o r r e c u r s i v e l y.

In the main ARBPLOT menu, select #8, SEQUENCES & SERIES.

>>ARBSEQ - CURRENT VALUES & CHOICES<<

1. FUNCTIONS
SEQ: U(N)=2*U(N-1)/N
FCN: F(N)=U(N)/U(N-1)

2. LIMITS AND SPECIAL VALUES
N= 0 TO 20

U-VALUES-.l,
3. SCREEN: CLEAR PRESENT DISPLAY
4. DISPLAY SUMS: YES
5. FUNCTION LIMITS:

LIM U(N)= 0
LIM S(N)= 7.389
LIM F(N)= NONE

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT SERIES
8. EXIT
CHOICE: CHANGE VALUE(l-5)

ACT(6-8)
WHICH(1-8)?

Before plott ing, let 's examine the menu careful ly; ARBSEQ

differs in several ways from the other programs of ARBPLOT.

F i r s t , l o o k a t t h e f u n c t i o n d e fi n i t i o n . T h e t e r m s o f t h e

sequence are U(N). The defini t ion may be expl ic i t or recur

s ive. The example g iven is the recurs ive defini t ion of 2AN/N!

( I t i sn ' t poss ib l e t o define N ! exp l i c i t l y i n BAS IC) . You can

a lso define an aux i l i a ry func t ion o f the e lements o r exp l i c i t

defin i t ion o f another sequence. The example is an aux i l ia ry

funct ion: the rat io o f success ive terms of the sequence.
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Next, you state the beginning and ending subscripts for

the sequence. Once started, you can answer "C" to continue a

sequence. I f you have defined the sequence recursively, you
must give enough special values to get started. You may

spec i fy in i t ia l va lues even i f the sequence defin i t ion does not

require them.

You may clear or keep the previous display if you wish to

compare two sequences. You may calculate and display sums or

not , as you see fi t .

Although ARBSEQ can only calculate and display a finite

number of terms, you may enter a limit for the sequence, sum,

o r f unc t i on . The bu i l t - i n examp le s t a r t s w i t h l im i t s g i ven f o r
2terms of the sequence, the sum(e ), but not the function.

Now press "7" to plot. Notice that you can pause by

pressing any key, then continue by pressing again or exit with
Ctrl-E. An odometer runs on N, U, S, and F. Independent

ver t ica l scales are g iven for the three dependent var iab les.

U(N) is plot ted as a sol id l ine, S(N) as a dotted l ine, and

F(N) as "+"s.

^m^
U(N>=2*U(N-1>/N
U = G 3 = 7 . 3 8 9 1
FiN>=l!W /liCN-1)

F = . i
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Return to the menu to try another example. Set

U(N)=U(N-l)+U(N-2) (Fibonacci sequence), F(N)=U(N)/U(N-1)
(Ratio of successive terms) for N=l to 10. You must give the
values for U(l)=l and U(2)=l, since U(N) uses U(N-l) and
U(N-2). Set LIM F(N)=1.618, do not display sums, and then

plot. Notice the pattern of convergence of the ratio. Return
to the menu and continue for 20 more terms by pressing "2",
then answering "C" and "20" before plotting again.

^

3.4. AnaSytic Geometry: Conic Sections
The first two programs on Disk 2 treat the analytic

geometry of quadratic equations in two dimensions, the conic
sections. As shown on the second main ARBPLOT menu, these are

1 . C O N I C S E C T I O N S ( P r o g r a m C O N I C ) ^ " ^
2. ROTATION OF AXES; ELLIPSE (Program MH PLOT4)

CONIC is a comprehensive treatment of the algebra and

geometry of ellipses, hyperbolas, and parabolas whose axes are
parallel to the coordinate axes. MH PLOT4 is a demonstration
of the relationship between the coefficients of a quadratic and
the angle between the coordinate axes and axes of an ellipse.

These two programs differ significantly from the other

prorams in ARBPLOT in that they explore a specific family of
equations, the quadratics and their relatives in polar coor
dinates, rather than arbitrary functions.
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3.4.1. Conic Sections
CONIC explores many aspects of the algebra and geometry of

quadratic equations. In the second main ARBPLOT menu (Disk 2),
select #1, CONIC SECTIONS.

>>CONIC - CURRENT VALUES & CHOICES<<

1. EQUATION: ELLIPSE
4X~2 + 9Y~2 - 8X + 18Y - 23 = 0

2. LIMITS/SCALING
X M I N = - 2 X M A X = 4
Y M I N = - 4 Y M A X = 2
SCALING: AUTOMATIC

3. PROBLEM: DRAW

4. SCREEN: CLEAR PRESENT DISPLAY
5. AXES: SHOW

ACTIONS:
6. SHOW CURRENT DISPLAY
7. PLOT CURVE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

Before exp lo r ing the cho ices , p ress "7" to p lo t . An

odometer on "I" runs from zero to 64; an angle rotates through

one revolution in 64ths of a circle about one focus to draw the

curve. At the end, the foc i a re labe l led w i th "x" and the

center (or ver tex for a parabola) wi th "+" . Press any key to

return to the menu.
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CONIC
E l l i p s e

Xwiiri=-2
Xmax=4
Vmin=-2.99
Vwi5.x=.995

AX=1
AV=1

I = 64

.E

/ ' < d |

* + « )

+ 11.3V - 32.2 = 84XA2 + 9VA2 -
( .75, - .375)

The equation may be expressed in three ways, selected from a

subsidiary menu by pressing "1".

- EQUATION -

PRESENT TYPE IS GENERAL QUADRATIC

EQUATION TYPES ARE:
1. GENERAL QUADRATIC
2. STANDARD QUADRATIC
3. POLAR

WHICH(1-3)?

Reject GENERAL QUADRATIC (press "N") and select STANDARD

QUADRATIC. You see the same ellipse described in standard

form; accept th is (press "Y") . We shal l return to POLAR later.

At the CONIC menu, press "3". Reject DRAW in order to see

the PROBLEM menu:

- PROBLEM -

PRESENT CHOICE IS DRAW

PROBLEM CHOICES:

1. DRAW
2. TRANSLATE AXES
3. SUM OR DIFFERENCE
4. ECCENTRICITY
5. ASYMPTOTES

WHICH(1-5)?
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Now select TRANSLATE AXES, return to the CONIC menu, and plot.

When the plot is completed, "L,R,U,D,E?" appears, meaning "move

axes le f t , r igh t , up , down, o r ex i t . " Press "R" to move the

Y-ax is to the r igh t . The coord inates o f the new axes re la t ive

to the old are given in the lower r ight corner, and the equa

tion is shown in the new coordinate system. Now press "R" and

"D" unt i l the equat ion has the form ( (X) /3) "2+((Y) /2) "2=1 wi th

n e w o r i g i n a t ( 1 , - 1 ) r e l a t i v e t o t h e o r i g i n a l . P r e s s " E " t o

return to the CONIC menu; your new equation is now the program

equat ion. Press "7" to p lo t again. The curve is in the same
location on the screen, but the axes are in the center.

Wi th th is in t roduct ion, le t 's now examine the opt ions o f

CONIC in detai l .

The EQUATION can be defined in three ways: 1) as the

genera l quadra t i c

2 2ax + cy + dx + ey + f = 0

2) as the standard quadratic

\ 2 / v 2

± 1(vK?);
( f o r c i r c l e s , e l l i p s e s , o r h y p e r b o l a s ) , o r

( x -h )2 - ± 2p (y - k ) o r ( y - k )2 = ±2p (x -h )

( for parabolas); or 3) in standard polar form with focus at the

o r i g i n

e p e p
o r r ■

1 + e c o s t 1 + e s i n t
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where e is eccentricity and p is the distance from focus to

d i r e c t r i x .

Defin ing the funct ion in one form automat ica l ly ca lcu la tes
the coefficients of the same curve in the same posit ion in the

other forms, with the except ion that the polar form is always

in s t anda rd pos i t i on . The coe f fic i en t s a re p r i n t ed t o t h ree

s i g n i fi c a n t fi g u r e s , b u t e i g h t s i g n i fi c a n t fi g u r e s a r e c a r r i e d

i n t e r n a l l y .

Change PROBLEM back to DRAW, change EQUATION to POLAR,

accept the equation, plot it. Now change EQUATION back to

GENERAL QUADRATIC; the X-term has reappeared, since the origin

has moved from the center to a focus.

LIMITS/SCALING can be AUTOMATIC or MANUAL. Units on the

two axes are the same unless you deliberately change them with

MANUAL scaling. With AUTOMATIC scaling, central conies have

the center in the middle of the screen, and parabolas have the

focus in the middle. The s ize is appropr iate to the problem

being solved.

Five PROBLEMS can be solved. DRAW simply plots the curve.

TRANSLATE AXES, as you have seen, shows the relation between

the locat ion of the axes and the coeffic ients of the quadrat ic

equat ion . S ince t rans la t ion doesn ' t app ly to the s tandard

polar form, a polar equat ion wi l l automat ica l ly be conver ted to
standard quadratic form if TRANSLATE AXES has been chosen. The

increment in moving the axes is 1/16 the width of the screen,

jumping to (H,K) when wi th in one-hal f uni t of that point .

SUM OR DIFFERENCE lets you explore one way to define cir

c les , e l l ipses, and hyperbo las . You may e i ther s tar t w i th an
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equation and show the sum or difference geometry, or you may

specify the distance between two fixed points, the sum or
d i f ference of d is tances f rom a var iab le po in t to those po in ts ,

and generate both equation and geometry.

ECCENTRICITY lets you explore the definition of an

el l ipse, hyperbola, or parabola in terms of the rat io between
distances of a var iable point f rom a fixed point and fixed

line. ECCENTRICITY shows the geometry. You can specify the

relat ionships wi th the equat ion in polar form, or you can
observe the geometry for any of these shapes with the equation

g iven in quadrat ic form.

ASYMPTOTES draws the asymptotes of a hyperbola before

p l o t t i n g .

Trying to specify a problem which is not applicable to a

^^n cu r ve , e . g . , show the asymp to tes o f an e l l i p se , w i l l cause t he

problem to be rejected. Changing the curve to make a

previously val id problem choice inval id wi l l change the problem
to the nearest va l id form.

The default SCREEN setting is to CLEAR PRESENT DISPLAY.

Changing to KEEP automatically changes the scaling to manual,

and gives you the opportunity to change the l imits i f you wish.

The default AXES setting is to SHOW them. When you are

exploring the geometry of SUM OR DIFFERENCES or ECCENTRICITY,
it is sometimes helpful to DON'T SHOW the axes in order to

emphasize the geometr ic relat ionships.

/^nmN Once you have set a l l parameters, PLOT CURVE plots the
curve. ASYMPTOTES, i f chosen, are drawn first . The l ines

associated with SUM OR DIFFERENCE or ECCENTRICITY are drawn in
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animation while the curve is plotted. TRANSLATE AXES is done

af ter the curve is completed.

The way the lines for SUM OR DIFFERENCE and ECCENTRICITY /""■*%

are drawn may cause portions of the curve to be wiped out while

being p lo t ted. Therefore, in these two cases the curve is

automatical ly redrawn a second t ime without the extra l ines.
In KEEP mode, a previously drawn curve may in these two cases

be decimated. Care must be exercised in planning demonstra

t ions involv ing several re lated curves. For example, when using

SUM OR DIFFERENCE to draw a family of ellipses with the same

focal d is tance, work f rom the outs ide in rather than ins ide out

to avoid erasing parts of a previously drawn curve.

3.4.2. Rotation of Axes; Ellipse

MH PL0T4 demonstrates the effect of rotation of axes on

the equation of an el l ipse. The program describes the change

of variables associated with a rotat ion of axes and discusses

the appl icat ion to quadrat ic equat ions and conic sect ions. The

program then uses the graph of the ellipse given by

7x2- 6\ZTxy + 13y2 = 16

t o i l l u s t r a t e r o t a t i o n o f a x e s .

In the second main ARBPLOT menu, select #2, ROTATION OF

AXES; ELLIPSE. The program starts with a tutorial on axis

ro ta t ion . You can sk ip th rough th is qu ick ly i f you on ly want

the demonstrat ion, but i t may be desirable to use the text in

the c lassroom to present rotat ion.
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A f te r some in i t i a l ca l i b ra t i on ( see be low) , you con t ro l

the rotation of the coordinate axes using the "—*•" and "*«-"

keys. Each depression of one of these keys brings about a five

degree ro ta t ion of the axes ( "<-" for counter -c lockwise, "—V

for c lockwise) , and fo r each resu l tan t o r ien ta t ion the equat ion

in terms of the new variables is displayed on the screen. You

can rotate counter-c lockwise from 0 to 90 degrees. At a rota-
2 2tion of 30 degrees, the equation reduces to 4x +16y =16. The

elimination of the xy term is accomplished, and the lengths and

inc l inat ion of the major and minor axes are ev ident . Fur ther

rotations obscure these feautures again and bring back the xy

term. At any t ime, you can press "E" to exi t ; you wi l l then be

given the chance to restart the program or exit to the main
ARBPLOT menu.

In the usual int roduct ion to rotat ion of axes, many

students get the impression that they are under some obligation

to ro ta te through a spec ific ang le . Th is program is in tended

to emphas ize the fac t tha t ro ta t ion i s a rb i t ra ry, bu t tha t the
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ut i l i ty o f the resul t ing equat ion depends on the choice of

r o t a t i o n .

C a l i b r a t i o n . R o t a t e d c o o r d i n a t e a x e s m a y a p p e a r p e r p e n - ^ " " N

dicular on one video screen and not another since the height to

w id th ra t i o i s no t cons tan t f rom se t t o se t . The ca l i b ra t i on

phase of the program is required to adapt the graphing to your

screen. Two lines will be displayed which may or may not

appear perpendicular. The cursor keys "-*▶" and "<—" wil l

change the angle between the l ines; when this is a right angle,

press "E" to get on with the program.

3.5. Programs Involving Integration

Five programs on Disk 2 do integration. As shown on the

s e c o n d m a i n A R B P L O T m e n u , t h e s e a r e ^ - * ^

3 . D E F I N I T E I N T E G R A L ( P r o g r a m A R B I N T 5 )

4. INDEFINITE INTEGRAL (Program MH PL0T2)

5. MONTE CARLO INTEGRATION (Program ARBINT1

6. POLAR INTEGRATION (Program ARBINT6)

7 . A R C L E N G T H ( P r o g r a m A R B I N T 7 )

ARBINT5 does numerical integration by rectangles (Fun

damental Theorem), trapezoids, and parabolas (Simpson's Rule).

MH PL0T2 i l lustrates the geometric relationship between a func

t ion and i t s indefin i te in tegra l . ARBINT1 approx imates the

area under a curve by a Monte Carlo dart-throwing process.

ARBINT6 shows the Fundamenta l Theorem for in tegrat ion in po lar ^ -^

coordinates. ARBINT7 shows the fundamental theorem for

in tegra t ion to de termine arc length in rec tangu lar, paramet r ic
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rectangular, and po lar coord inates.

All of the programs allow you to use any function bounded

and p iecewise cont inuous throughout any fini te in terval you

spec i fy. A l l use automt ic sca l ing and automat ic de terminat ion
of the p lo t t ing increment , then p lo t the curve(s ) .

Af ter p lo t t ing, the program swi tches to in tegrat ion mode.

F o r a l l b u t t h e i n d e fi n i t e i n t e g r a l , t h e i n t e g r a l b e i n g

evaluated appears at the bottom of the screen, then the program

c a r r i e s o u t i t s p a r t i c u l a r i n t e g r a t i o n p r o c e s s . A t t h e e n d ,

the an t ide r i va t i ve ( i f any ) i s eva lua ted , and i t s va lue to s i x

s ign i fican t figu res i s repo r ted benea th the i n teg ra l w i th t he

word "(EXACT)".

3.5.1. Definite Integral

ARBINT5 gives a graphic presentation of three methods of

n u m e r i c a l i n t e g r a t i o n o f t h e d i f f e r e n c e o f t w o f u n c t i o n s . I t

can t rea t the methods separa te l y o r toge ther. In add i t i on , i t

can show a typical element for integrat ion, and i t can perform

Richardson Ex t rapo la t ion f rom Trapezo ida l Ru le in tegra t ion . In

the second main ARBPLOT menu, select #3, DEFINITE INTEGRAL.

-69-



>>ARBINT5 - CURRENT VALUES & CHOICES<<

1. FUNCTIONS
Y1(X)=1/(1+X"2)
Y2(X)=0

2. LIMITS
X M I N = - 1 X M A X = 4

3. NUMBER OF SUBDIVISIONS: 4

4. METHOD: ALL THREE

5. ANTIDERIVATIVE:
I(X)=ATN(X)

ACTIONS:
6. SHOW CURRENT DISPLAY
7. INTEGRATE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

T h e i n t e g r a t i o n m e t h o d t o b e u s e d i s s e l e c t e d t h r o u g h / " *■* .

Choice 4, which leads to a subsidiary menu.

METHOD

PRESENT IS ALL THREE

THE CHOICES ARE:
1. RECTANGLES (FUNDAMENTAL TH.)
2. TRAPEZOIDS
3. PARABOLAS (SIMPSON'S RULE)
4. ALL THREE
5. TYPICAL ELEMENT
6. RICHARDSON EXTRAPOLATION

WHICH(l-6)?

Return to the ARBINT5 menu by answering "4" and press "7"

to run the bu i l t - in example.
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INTEGRATION
Three Ru les
X t fi i r F - l
!x!t>i8.x=4
Vinin=0
V7fiax=. 99S

R=2.33287
T=2.85634

AX=i
AV= , 1

N = 4

(1/(1+HA2))dX
- 1 = 2 . 1 1 1 2 2 (ExHCT)

Af te r p lo t t i ng the cu rves , the in tegra t ion p rocess beg ins .

ALL THREE calculates and displays rectangles, trapezoids, and

parabolas. The rectangles are based at the left edge of each

subdiv is ion. The rectangles and t rapezoids are ca lcu lated and

disp layed s imul taneously, then the parabol ic s t r ips for S imp
son's Rule are calculated and displayed. You may pause by

pressing any key in the midst of drawing rectangles and

trapezoids, but not whi le drawing parabolas, then continue by

aga in press ing a key. A f te r a l l p lo t t ing is comple ted , sums

are d isp layed on the le f t , "R" fo r rec tang les , "T" fo r

trapezoids, and "S" for Simpson's Rule. The number of sub

div is ions, "N" , a lso appears. Press ing any key returns you to
the ARBINT5 menu; pressing "6" then recalls the display if

des i red .

Press "3" to change the number of subdivisions. Try an

odd number. Your choice will be rejected since ALL THREE

includes Simpson's Rule. Now try a larger even number, then

press "7" to see the change in the display and calculat ion.
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The maximum N for an effective display is 64, although the

process can be carried out with up to 200 subdivisions.

Yo u c a n c h a n g e t h e l i m i t s o f p l o t t i n g a n d i n t e g r a t i n g b y ^ " ^

pressing "2". Remember that your funct ion must be defined

th roughou t t he i n te rva l .

Now let 's return to choosing the method. Press "4" to get

the METHOD menu. Select #1, RECTANGLES (FUNDAMENTAL TH.),

return to the ARBINT5 menu, and integrate. Two rectangles

appear on each subdivision, one based on the left edge and one

on the r igh t . Three sums appear, "L" fo r the le f t rec tang les ,

"M" for rectangles based at the midpoint, and "R" at the r ight.

Return to the menu to try another method. Select #2,

TRAPEZOIDS. Only the trapezoids are drawn and summed.

Similarly, only parabol ic str ips are drawn and summed with
selection #3, PARABOLAS (SIMPSON'S RULE).

TYPICAL ELEMENT, selection #5 in the METHOD menu, does no

summing. Instead, i t shows a typ ica l rectangular e lement for

the area. You must pick the location of the element, between

Xmin and Xmax.

Finally, selection #6, RICHARDSON EXTRAPOLATION, does an

"extrapolat ion to zero gr id s ize" based on the Trapezoidal

Rule. The mathematics of Richardson Extrapolat ion is g iven in

Appendix B. Press "7" to integrate. Unless you have just done
the Trapezoidal Rule, selection #2 or #4 in the METHOD menu,

you will get the message "RUN TRAPEZOIDS BEFORE RICHARDSON".
Run the Trapezoidal Rule, then Richardson. The display wi l l

re turn wi th an addi t ional l ine on the le f t , "RIC=" the improved

v a l u e .
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You can change the function and integrate to find the area

between two curves. Press "1" at the ARBINT5 menu to change

the funct ions. Set Y1(X)=X-X"2, Y2(X)=X"3-X. Change the

interval to Xmin=0, Xmax=l, and set the method to ALL THREE.

Integrate; observe that "NO ANTIDERIVATIVE GIVEN" appears at

the bottom of the screen. Changing the function wipes out the

p r e v i o u s a n t i d e r i v a t i v e .

Return to the ARBINT5 menu and press "5". You will be

asked to enter the ant ider ivat ive of YKX)-Y2(X) and wi l l be

given Y1-Y2=X-X"2-(X"3-X). Set I (X)=-(X~3/3+X"4/4)+X~2.
Remember the care you must take with leading minus signs. As

soon as you have accepted your choice of antiderivative, the

display returns wi th the exact value of the integral added.

3.5.2. Indefinite Integral

MH PL0T2 i l lustrates the geometric relation between a

func t ion and i t s indefin i te in tegra l by dynamica l l y shad ing

areas. The program also offers a quick way to evaluate and

i n t e r p r e t a d e fi n i t e i n t e g r a l . T h e o n l y i n p u t r e q u i r e d i s t h e

function F(X) (which must be bounded and piecewise continuous)

and the in terva l on which i t i s to be in tegrated (sca l ing is

automatic) . The program displays F(X) at the top of the

screen, and plots the integral at the bottom by "accumulat ing"
area in the or ig ina l graph and p lo t t ing corresponding points .

The integral is computed numerically by Simpson's Rule.

To see how the program works, choose #4, INDEFINITE

INTEGRAL, from the main ARBPLOT menu on Disk 2.
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>>MH PL0T2 - CURRENT VALUES & CHOICES<<

1. FUNCTION
F(X)=EXP ( - X)

2. LIMITS
XMIN - 0
XMAX = 4

ACTIONS:

6. SHOW CURRENT DISPLAY
7. PLOT
8. EXIT

CHOICE: CHANGE VALUE(1,2)
ACT(6-8)

WHICH?

Leave the function F(X)=EXP(-X) and its domain [0,3] alone

and select #7, PLOT. The program wi l l calculate for a b i t ,

then graph F(X). The program wil l then inform you that you

should press any key to start/stop. This means that you must

press a key for action to begin and that depressing a sub

sequent key wi l l f reeze the picture dur ing the graphing of the

i n t e g r a l ( a t h i r d k e y s t r o k e w i l l r e s u m e t h e a c t i o n ) . A f t e r t h e

program gets the go-ahead, it begins sweeping and shading the
area under F(X) and p lo t t ing the in tegra l . I f you f reeze the

act ion dur ing the p lot you wi l l see something l ike the fo l low

ing figure on the screen:

^

/*̂ *̂"\

-74-



^ m ^

MH FL0T2
-POO =
EXP < - K)
Xmin=8
XiV!-3.x=4
AX=i
Vir:iri= ,8 IS
V TTi5.X= 1
AV= . i

fl . J
f (t)

T'HUT1=H
Vmax-=.9S1
AV=. l

^ S

Note that the integral f rom the domain 's le f t endpoint to the

current value of X is g iven on the r ight of the screen. This

feature can be used, for example, to have a class guess when

the integra l wi l l a t ta in a g iven value, say 0, to show cancel

la t ion o f s igned areas.

I f you h i t Ct r l -E whi le the p ic ture is f rozen, the program

halts the plot and returns to the menu. You can then exit the

program and use SAVE DISPLAY to capture the picture as it was
f rozen . I f you a l l ow the p lo t t o fin i sh , t he sc reen shou ld

l o o k l i k e t h i s :

VmirFfc;
Vm3ix= .981a v=. i
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On the right of the screen, the X and Y l imits for each

graph are given, as well as the distance between successive

t ic-marks. Also, the value of the integral f rom Xmin to Xmax

i s g i v e n . ^

Press any key to return to the menu and try a function of

your own» Choose option 1 to change the function, and enter

F(X)=X. Use option 2 to change the domain to [-2,2], then from

the menu press "7" to plot. Freeze the action as desired and

return to the menu when you are finished. The intermediate and

final graphs shou ld look l i ke those d isp layed in the figures

below. Note that the graph can be displayed again immediately

through option 6. Choose option 8 to return to the main ARB
PLOT menu, from which you can save the display, run another

program, or qu i t .

j a \—,

\\ \
V

MH PL0T2■PCX) =
X
Xmir.=-2
Xm&x=2AX=1
Vir.in=-2
Ymax=2AV=1

P. 825J-2f(t)
= -1.659
Vmin=-2
Yin-ax̂ eAV=.5

dt

Vmir.=-2Ymax=2
AV=i

I f ( t > d t

= 8
Vwin=-2Ymax=6AY=.5
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3.5.3. Monte Carlo Integration

A different way of thinking about the area under a curve

is to th ink of the rectangle enclosing the curve as a dart-

boa rd . I f da r t h i t s on the board a re un i fo rm ly d i s t r i bu ted

from left to r ight and top to bottom, then the area under the

curve is approximated by the area of the rectangle times the

rat io o f h i ts (dar ts landing in the area under the curve) to

total darts thrown. ARBINT1 shows this process. In the second

ARBPLOT main menu (Disk 2), select #5, MONTE CARLO INTEGRATION.

>>ARBINT1 - CURRENT VALUES & CHOICES<<

1. FUNCTION
Y(X)=1/(1+X*2)

2. LIMITS
X M I N = - 1 X M A X = 4

3. NUMBER OF DARTS: 100

4. ANTIDERIVATIVE:
I(X)=ATN(X)

ACTIONS:
6. SHOW CURRENT DISPLAY
7. INTEGRATE
8. EXIT

CHOICE: CHANGE VALUE(1-4)
ACT(6-8)

WHICH(1-8)?

Now press "7" to run the program.
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INTEGRATION
Monte Carlo
Xmin=-1
Xir.ax=4 -/l\

Vmin=@
Yir»ax=.998

/ \ \
i +

EARTS=88 / . \ .
HITS=32 V̂1=1.99653
AX=1
AV=. l

Pi- ^
I = I (l/(l+XA2))d>=J - l = 2 . 11122 (EXACT)

You see a flash as each dart strikes, with an update of

DARTS, HITS, and I (for integral). You may pause during the

run by pressing any key, then continue by pressing the key a

second time.

• When the run is completed, press any key to return to the

ARBINT1 menu. You can then change the function; it must,

however, be posit ive. An error message wil l appear at CAL

CULATE time if the function value goes negative at any point in

the interval . You may, but need not, provide an

ant ider iva t ive . ARBINT1 checks to see tha t your an t ider iva t ive

i s a l ega l f unc t i on , bu t no t t ha t i t i s t he co r rec t

a n t i d e r i v a t i v e .

Once you have defined a function and limits and "thrown"

some darts, you can throw still more. At the ARBINT1 menu,

press "3". You can cont inue ("C") to bui ld a bigger sample, or

you can start over with a new sample. In any Monte Carlo

process , inc lud ing th is one, i t i s easy to ge t one s ign ificant

fig u re i n a r e su l t , r e a so n a b l e t o t r y f o r tw o s i g n i fica n t
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figures , and very d i fficu l t to ge t more than two.

3.5.4. Polar Integration

ARBINT6 presents the fundamental theorem for integration

o f t he d i f f e rence o f two f unc t i ons i n po la r coo rd i na tes . I t

shows e lements of in tegrat ion as c i rcu lar sectors wi th radius

the value of R at the midpoint of each interval, and permits

showing ei ther al l sectors and their sum or a typical element.

In the second main ARBPLOT menu (Disk 2), select #6, POLAR

INTEGRATION.

>>ARBINT6 - CURRENT VALUES & CHOICES<<

1. FUNCTIONS
R1(T)=1+C0S(T)
R2(T)=1

2. LIMITS (T IN RADIANS)
T M I N = - 1 . 5 7 T M A X = 1 . 5 7

3. NUMBER OF SUBDIVISIONS:5

4. MODE: SUM

5. ANTIDERIVATIVE:
I(T)= SIN(2*T)/8+SIN(T)+T/4

ACTIONS:
6. SHOW CURRENT DISPLAY
7. INTEGRATE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

Now press #7 to run.
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INTEGRATION
Polar
T» in=- i .57
Trca.x~l.57
RwiirFl
Rmax-2
L=2.71916
1-1=2.81868
R=2.71916

AR=1
N = 5

fl . 5 7I = . 5 * < ( 1
J-1 .57

2 2
*COS(T)> -Ci) )= 2.7854 dT

(EXACT)

^

The program first plots the curves and then switches to

integration mode to draw the sectors. You may pause while the
sectors are being drawn by pressing any key, then press any key

again to resume the act ion. Although only the sectors based at

the midpoint of each interval are plot ted, the sectors based at

the left and right edges are also calculated, summed, and

reported on the left side of the screen as L, M, and R.

^

Return to the ARBINT6 menu by pressing any key. You can

show a typical element by pressing "4" which automatically tog

gles between SUM and ELEMENT. When you switch to ELEMENT, you

must g ive the locat ion. Set the locat ion to T=.6, then press

"7" to plot again. The element must lie between Tmin and Tmax.

In polar coordinates, area within a curve is always

posit ive, even i f R(T) is negative, but we can get a negative

integral i f Rl is less than R2. Press "1" to change the func
t ion. Set R1(T)=1, R2(T)=1+C0S(T), then press "7" to

in tegra te , and no te the resu l t .

^
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Return to the ARBINT6 menu. Notice that changing the

functions changed the antiderivative to NONE. Change the func

t ions again, th is t ime to Rl (T)=SIN(2*T) , R2(T)=0, then press

"5" to spec i fy the ant ider ivat ive. You get the message

ENTER ANTIDERIV OF (Rl(T)"2-R2(T)"2)/2

(R1"2-R2"2) /2= .5* ( (S IN(2*T) ) "2 )

I(T) =

Enter your der iva t ive , in th is case

I (T )= .25*T- .125*S IN(4*T) .

The program checks to see that you have a legal function, but

no t tha t i t i s the co r rec t one .

Change the interval to Tmin=0, Tmax=5.5, and the number of

subd i v i s i ons t o 12 , t hen i n teg ra te . No te t he s t ra i gh t l i ne a t

T=5.5, marking the end of the interval . Observe that the area

/ / ^^n o f t he sec to rs i s pos i t i ve , even though the rad ius i s nega t i ve .
Try showing a typical element for T=l and for T=2.

Finally, how can we obtain the area between two loops of
the same curve? Given the logar i thmic spiral , R(T)=EXP(.1*T),

find the area between the portion of the curve with 0<JT^2'tt and

that with 27r^Tl47r. Try setting Rl(T) =EXP( .1* (T-6 .28) ) ,

R2(T)=EXP(,1*T), Tmin=0, Tmax=6.28, and integrate.

3.5.5. Arc Length

ARBINT7 presents the fundamental theorem for integration

to find a rc l eng th in rec tangu la r, pa ramet r i c rec tangu la r, o r

polar coordinates. I t can show either the sum of chords or a

typical element. In the second ARBPLOT main menu (Disk 2),
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select #7, ARC LENGTH.

>>ARBINT7 - CURRENT VALUES & CHOICES<<

1. FUNCTION: POLAR
R(T)=EXP(.2*T)

2. LIMITS(T IN RADIANS)
T M I N = 0 T M A X = 6 . 2 8

3. NUMBER OF SUBDIVISIONS: 5

4. MODE: SUM

5. ANTIDERIVATIVE:
I(T) = 5.099*EXP(.2*T)

ACTIONS:
6. SHOW CURRENT DISPLAY
7. INTEGRATE
8. EXIT

CHOICE: CHANGE VALUE(1-5)
ACT(6-8)

WHICH(1-8)?

S e l e c t t h e c o o r d i n a te s y s te m b y p r e s s i n g "1 " f o r FU N C TION . . ^ ^

Reject POLAR, press "N", and you will get the subsidiary menu:

FUNCTION

PRESENT CHOICE IS POLAR

THE CHOICES ARE:
1. RECTANGULAR
2. PARAMETRIC
3. POLAR

WHICH (1-3)?
*

Now select POLAR ("3"), accept the function ("Y"), and

integrate by pressing "7" at the ARBINT7 menu.
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INTEGRATION
frrc Length
Tmin=8
Trcax=6.28

ffc.iSI = 3SR(RA2+(ROA2)dT
J 8 = 1 2 . 8 8 5

r ^

j s = i k : . y y ^ ( E X A C T )

The program firs t draws the Spi ra Mi rab i l is or logar i thmic

spiral, then switches to integration mode to draw and sum the

chords. The sum and number of chords appear on the left side

of the screen. Return to the ARBINT7 menu and press "4" to

show a typical element. Pick a suitable locat ion between Tmin

and Tmax, say T=4, then press "7" to see the changed display.

Return again to the ARBINT7 menu and change the function.

This time try PARAMETRIC, with X(T)=COS(T), Y(T)=SIN(T). Note

tha t chang ing the func t ion e l im ina tes the an t ide r i va t i ve .

Press "5" to supp ly an ant ider iva t ive . For these paramet r ic

equat ions, you get :

ANTIDERIVATIVE

PRESENT CHOICE IS NONE

FIRST YOU NEED X'(T) & Y'(T).
X(T)=COS(T)
Y(T)=SIN(T)

X ' (T)=-SIN(T) ,

Y' (T)=COS(T)
NOW ENTER THE ANTIDERIVATIVE OF

S Q R ( ( X T 2 + ( Y T 2 )

K T ) =
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You supply the derivatives of X(T) and Y(T). - The program does

not use them; you supply them as the first step toward the

antiderivative. The program now gives you the model, and you

find and en te r t he an t i de r i va t i ve .

Leave the limits and number of subdivisions unchanged,

press "4" to switch back to SUM, and press "7" to integrate.

Whichever coordinate system you have chosen, you will be

asked for a funct ion in the proper form. You wi l l then be

prompted for the necessary ingredients and model for the

ant ider ivat ive, should you choose to enter one. Try an example

of your own making in rectangular coordinates, Y(X).

Take another look at the display; press "6" i f you are not

a l ready a t the d isp lay. Observe tha t fo r a rc length , and fo r

arc length only, the display does not show the specific func

t ion be ing in tegrated, on ly the genera l form. The usual length

of the integrand for arc length would overflow onto the next

line and be unreadable.

3.6. Direction Fields and Differential Equations
MH PL0T3 p lo ts .so lu t ions and/or d i rec t ion fie lds o f fi rs t -

order d i f fe rent ia l equat ions o f the fo rm DY/DX=F(X,Y) . I f a

s o l u t i o n ( i n t e g r a l c u r v e ) i s d e s i r e d , a n i n i t i a l c o n d i t i o n

Y(X0)=Y0 must be specified. The di rect ion field opt ion shows

tangent l ines determined by the d i fferent ia l equat ion on a

representa t ive gr id o f po in ts . (See Append ix A fo r a br ie f

d e s c r i p t i o n o f d i r e c t i o n fi e l d s . )
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Enter MH PL0T3 by selecting #8, DIFF. EQUATIONS/

DIRECTION FIELDS, from the ARBPLOT menu on Disk 2.

>>MH PLOT3 - CURRENT VALUES & CHOICES<<

1. DIFFERENTIAL EQUATION
DY/DX=X-Y

2. INITIAL CONDITION: Y(0)=1

3. MODE:
DIRECTION FIELD AND INTEGRAL CURVE

4. LIMITS
X : [ - 1 , 8 ]
Y: [ - 1 , 8 ]

SCALING: MANUAL

5. SCREEN: CLEAR PRESENT DISPLAY

ACTIONS:
6. SHOW CURRENT DISPLAY
7. GRAPH
8. EXIT
CHOICE: CHANGE VALUE(1-5)

ACT(6-8)
WHICH(1-8)?

Press "7" to p lo t . The program wi l l fi rs t d raw a d i rec

t ion fie ld and then t race the in tegra l curve through the po in t

(0 ,1 ) g i ven by the in i t i a l cond i t i on . No te how the cu rve 's

existence and uniqueness is suggested by the field of d i rect ion

l ines. The finished graph is shown below:

/ ^ ^ \

MH PLOTS
X8=8
ve=i •
AX=1
AV=i
Vinin =
.6947
V»ax =
7.8866

X: 01,811
V: E-1,83
d¥/dX=X-T

\ ' ' M M \ \ ^ —i
\ \ \ \ ' \ \ \ ^ _ r - / 7 \
\ M M \ - V / / !

i

I ■\ \ A \ — ' / i f \
l\ \ \ n ^ f / / 1 \

\ - y / / t / 1 1
\ ^^7 / / i i i I j
— s / 1 I 1 i

i i I *\
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When the plotting is done, press any key to return to the menu.

Most options in MH PL0T3 work as in other ARBPLOT

p r o g r a m s . S o m e s p e c i a l c o n s i d e r a t i o n s a r e d i s c u s s e d b e l o w. / - * • %

1. DY/DX =. When you select this opt ion, you wi l l be

prompted to enter a function. The function should be expressed

in terms of X (the independent variable) and Y (the dependent

variable) and roust make no reference to other variable names.

2. INITIAL CONDITION. The X and Y coordinates of some

point (wi th in the region specified by opt ion 4 at the t ime of

p lo t t ing) are requi red i f an in tegra l curve is to be drawn.
These are listed as XO and YO on the final graph.

3 . MODE. The cho ice i s f rom (a ) d i rec t ion fie ld , (b )

in tegra l curve , and (c ) bo th . I f you se lec t (a ) , you do no t
have to spec i f y an i n i t i a l cond i t i on .

4. L IMITS. The sca l ing can be manual or automat ic . I f

you use manual, you must give both the domain and range; if you

use automatic, you enter only the domain. Automatic scal ing

wi l l be rejected i f you select opt ion (a) of MODE. In most

cases ( i f op t ions (b) or (c ) a re used) , au tomat ic sca l ing wi l l

p rov ide a t least a firs t es t imate for an appropr ia te range.

This range will be given within brackets on the graph and on

the menu (after you return from the graph). If you want to do

multiple plots on the same graph, and you use automatic scaling

for the firs t p lo t , fo r subsequent p lo ts change the sca l ing to

manual and set the range to that determined by the program in

automatic mode. This can be done conveniently by just pressing

the return key when prompted for the range (which then defaults

to the last range used).

- 8 6 -
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Descript ive Data cj i the GxajDj i . I f an integral curve has

been drawn, the in i t ia l condi t ion is g iven as ( for example)

X0=0, Y0=1, and the maximum and minimum Y-coordinates actually

p lo t ted are g iven as Ymin , Ymax. The domain X: [ -1 ,8 ] , [ -1 ,8 ] ,
and the distance between t ic-marks is specified by the values

of AX and AY.

Note : The in tegra l cu rve i s p lo t ted in each d i rec t ion

only so long as the funct ion DY/DX=F(X,Y) is defined. Points
at which F(X,Y) is not defined are indicated in a d i rect ion

field by crosses; you can in terpret these as ver t ica l tangents

in many cases.
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^ 4. Tact ics: When to Use ARBPLOT

ARBPLOT offers graphic treatment of many topics in two

d imens iona l d i f f e ren t ia l and in teg ra l ca l cu lus ( s ing le i ndepen

dent var iab le) and re la ted sub jects . You can use i t

dynamical ly, on l ine with the Apple II computer, or you can

prepare a s l ide show, t ransparencies, or c lass notes. Computer

graphics in the mathematics classroom or in individual study
can be a powerful aid to learning; but it can also be

coun te rp roduc t i ve .

When should ARBPLOT be used? Which of the several modes

o f use i s bes t fo r a par t i cu la r s i tua t ion? There i s no s ing le

defini t ive answer. This chapter addresses some of the

considerations which can help you decide.

First , do you have the physical resources? I f you are to

use ARBPLOT in the classroom, be sure the students can see. A

s ing le smal l sc reen in f ron t o f a la rge c lass f rus t ra tes the
s tuden ts . La rge v ideo mon i to rs , te lev is ion se ts , o r v ideo

projectors are needed, placed where the students can read the
text on the screen, as well as fol low the curve drawing.

Light ing must be such that glare or ambient l ight ing level does
no t i n te r f e re w i t h v i ew ing . I f you canno t p rov ide su i t ab le

viewing conditions, use ARBPLOT with a printer and copier to

prepare transparencies for an overhead projector.

Transparencies are also useful when stat ic graphic resul ts are
a par t o f a la rger presenta t ion .
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On- l ine in terac t ive computer graph ics can most e f fec t ive ly

be used when the topic is inherently dynamic, when the process

o f cu rve d raw ing i s i n t r i ns i ca l l y i n te res t i ng , o r t he dynamics

of the process being portrayed is an essent ial part of the

process — such as the f irst t ime the students see a Lissajous

figure or a cosine rose, or the processes portrayed in the

DERIVATIVE FUNCTION and INDEFINITE INTEGRAL programs. On-line

in terac t ive graph ics are leas t e f fec t ive when lengthy ca l

culat ions and p lot t ing are used to achieve a resul t which wi l l

be d i scussed on ly i n i t s fina l , s ta t i c fo rm, as in the Four ie r

Series problem in Chapter 5.

Static results can best be shown by slides or

t ranspa renc ies . I f exac t reg i s t ra t i on o f a success ion o f
re la ted images i s impor tan t , a s l i de show is p re fe rab le . I f

rapid sequencing of a few images is important, then a

c o m p r e s s e d s l i d e s h o w i s p r e f e r a b l e . ^■■■ ^

There are several tradeoffs between the two types of sl ide

shows. A regular hi-res image occupies 34 sectors on disk and

takes 10 seconds to load. A typical ARBPLOT compressed graph

occupies 10-12 sectors; four or five can be combined into one

compessed slide show; after 10-15 seconds for loading the show,

the slides can be cycled every 0.1 second. Busy ARBPLOT slides

may only compress to 30 sectors; compression is not useful. I f
the images have l i tt le blank space or if the miminum discussion

time for each slide is more than 10 seconds, then a regular

s l ide show is preferable.

It is important that your use of computer graphics be

c lose ly re la ted to your l esson ob jec t i ves . Care fu l l esson

planning is needed. ARBPLOT computer graphics i l lustrate
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pr inc ip les, concepts , and processes; they do not teach sk i l ls .

There fo re , i t i s essen t ia l tha t g raph ics p resen ta t ions be t ied

closely to skill teaching. For example, ARBROOT shows how New
ton's Method works. I ts use should be coordinated with

algebraic presentat ion of the process and student pract ice in

using the process with calculators or wri t ing computer

programs.

Use of computer graphics should be relevant to the course;

there is a temptation to become enamored with graphics. Topics

should be chosen for their importance to the course, not

p r i m a r i l y f o r t h e i r p i c t o r i a l v a l u e . M a n y i l l u s t r a t i o n s a r e

given in the next chapter. As discussed above, dynamics is an

important considerat ion in select ing the topic and method of

presentat ion. Also consider the precis ion the computer can

g i v e , i t s a b i l i t y t o s h o w r e l a t i o n s h i p s , a n d i t s a b i l i t y t o
M ^ p r e s e n t s o l u t i o n s t h a t a r e o t h e r w i s e t o o c o m p l i c a t e d t o

consider in the l imi ted t ime avai lab le in most ca lcu lus

c lasses .

Individual students and even classes can use the ARBPLOT

programs in a discovery and enrichment mode, addressing "what
i f " quest ions. For example, in polar coordinates R=cos kt is a

rose; R=A+B cos t is a cardioid. What is R=A+B cos kt; what

happens i f k is not an integer? In another vein, given a

result, what produced it, or how can you produce a desired

graphical resul t? (See the last problem in Chapter 5. )
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^ ^ 5 . P r o b l e m s

In Chapter 1 we presented the scope of ARBPLOT. In Chap
ters 2 and 3 we showed you how to run the programs, including

making "slides" or graphic output to a printer. In Chapter 4
we made some suggestions about style of use. Now we turn to

specific teaching examples, lessons or exercises you can use in
teaching calculus.

Here are thirty examples. They all follow a common pat
tern. First we pose a problem, then we show the setup for one
or more runs of ARBPLOT programs with a sample display.

Finally we discuss the displays or process and make suggestions

/*^ for addit ional act iv i ty by students or instructor. We suggest
that you read the discussion before running the program;

frequently the discussion parallels the steps you take.

The thirty examples are just that — examples. They do
not pretend to cover the scope of calculus or of computer

graphics applications in calculus. We hope these examples will
be useful, but more important, that they will give you ideas
for developing your own lessons.

There are important topics in the programs in addition to
those appearing in the problems. For example, Mean Value
Theorem, Typical Element in Integration, Numerical Integration
(Trapezoidal Rule, Simpson's Rule, Richardson Extrapolation),

/S*N and Arc Length are complete programs or portions of programs

with instructions given in Chapter 3, even though they do not

appear in this chapter. Other subjects which are major parts
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of the package, such as Sequences and Series or Manipulation of

Quadrat ic Equat ions, are touched on only l ight ly in the

problems of th is chapter. You may get addi t ional ideas for

p r o b l e m s f r o m o t h e r e x a m p l e s i n C h a p t e r 3 o r b y e x p e r i m e n t i n g )

with the programs.

/ * ^ ^ K
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Problem 1. Introducing Function Plotting

/ ^ ^ N
The simplest approach to plott ing the graph of a funct ion

is to plot points, al though this alone does not give many

propert ies of the curve. ARBPL0T1 plots points. We shal l use

this program to plot several curves in order to ra ise quest ions

about proper t ies o f the funct ions.

Setup
Disk 1, select #1, PLOT Y(X).

Set Xmin=-3, Xmax=3, DELTA X=.l, scaling=MANUAL, Ymin=-5,

Ymax=5. Then PLOT each of the following functions.

(1) Y(X)=X*3-3*X

(2) Y(X)=.2*X~4+X*3-.4*X*2-3*X+1

(3) Y(X)=SQR(X"2-3*X+2)

(4) Y(X)=2*X/(X-1)

(5) Y(X)=SQR(6+X-X~2)

Display

ARBPLOT1

VirsirF-lE+31
Viriax=lE+37

AX=i
AV=i

V =SGR(XA2-3$X+2)

i r.

^%-v.

\
y
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Discussion
For each of the functions, what does the curve tel l about

the domain, range, number and location of extrema, intercepts,

s y m m e t r i e s , b e h a v i o r a t i n fi n i t y ? I s t h e t e s t i m o n y o f t h e <
curve co r rec t? The in ten t o f th i s exerc ise i s to mot i va te

students to analyze a function rather than depend completely on

plot t ing points, such as wi th a computer p lot t ing program.

Activities

Use your own favorite examples.

^
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Problem 2. Introducing Asymptotes

A function has a vertical asymptote at x=a if l im f (x)=foo.
x — a

I t has a ho r i zon ta l asympto te i f l im f ( x )=L . We can i l l us t ra te
X-—+00

bo th t ypes by p lo t t i ng ra t iona l func t ions .

Setup
Disk 1, select #1, PLOT Y(X).

(1) Set Y(X)=(X*X+l)/(X*X-4), Xmin=-5, Xmax=5, DELTA X=.l,

scaling=MANUAL, Ymin=-5, Ymax=5. Then PLOT.
(2) Change function as described below and replot.

Display

ARBPLOT1
Xifiin=-5
Xmax=5

Vî =>.x=i..34E-Hd'

AX=1
AV=1

=(X*X+l)/<X*X-4)

V
T \

Discussion

We see the asymptotes at X=±2; it seems plausible that Y=l

is a horizontal asymptote at both +00 and -*>. If we extend the

domain, say to -10.1X^10, we make the horizontal asymptotes more

plausib le. The plots should be combined wi th a lgebraic
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analysis to prove that we have actually seen the asymptotes.

Activities
Experiment with changes in the function and see the

effects on the graph. For example, wi th the same l imi ts , t ry

Y(X)=X*(X+2) / (X*X-4) , X*X/(X*X-4) , X/ (X*X-4) , X~3/(X*X-4) , or

others of your choice.

What are the effects of the numerator being of the same,

lower, or higher degree than the denominator?

Try some transcendental functions, e.g., EXP(X), LOG(X),

TAN(X), l/COS(X) (= sec x). How do you prove the apparent

asymptotes really exist? How do you locate them exactly?
Note: X*X is more accurate and faster than X*2.

/̂̂ ■̂V
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Problem 3. Introducing Inverses

G(X) is the inverse of F(X) i f F(G(X))=X. ARBPL0T4 plots

an inverse of Y(X) simply by interchanging X and Y. We shall

p lo t the inverse in th is fash ion (ca l led mechan ica l inverse) ,
then compare i t with an inverse funct ion.

Setup
Disk 1, select #4, PLOT YKX),Y2(X), SIMULTANEOUSLY.

(la) Set YKX)=EXP(X) , Y2 (X)=INVERSE, Xmin=-2, Xmax=6,

DELTA X=.l, scaling=MANUAL, Ymin=-2, Ymax=6, screen=CLEAR, Yl

SOLID, Y2 DOTTED, NO VERTICALS. Press "7" to PLOT.

(lb) Change Y2(X)=LOG(X), screen=KEEP, Y2 SOLID. Press

"7" to PLOT.

(2a) Set YKX)=TAN(X) , Y2 (X)=INVERSE, Xmin=-4, Xmax=4,

DELTA X=.l, scaling=MANUAL, Ymin=-4, Ymax=4, screen=CLEAR, Yl

SOLID, Y2 DOTTED, NO VERTICALS. Press "7" to PLOT.

(2b) Change Y2(X)=ATN(X), screen=KEEP, Y2 SOLID. Press

"7" to PLOT.

Display

ARBPL0T4
XffiirF-4
Xroax=4
VlwiirF-34.2
Vlwiax=34.2
V2wfiri=-1.33
V2max=i.33

AX=i
AV=1

X=4
V1=TAN(X)
V2=ATN(X)

j<
? . •' *i

^ i
■ ' ( '
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Discussion

( la) g ives the mechanica l inverse, reflect ion in the 45

deg ree l i ne ; i t i s a f unc t i on ( s i ng le va lued ) . Wha t f unc t i on?

Try Y2(X)=L0G(X) in ( lb) and you wi l l see i t is the desired

funct ion, as shown by i ts p lot over lay ing that of the

mechanical inverse.

(2a) gives the mechanical inverse of TAN(X), but i t is not

a funct ion (mul t ip le va lued) . Try Y2(X)=ATN(X) in (2b) and

fi l l i n on l y one cu rve , t he p r i nc i pa l va l ue .

For algebraic examples, we could use in (1):

Yl(X)=X"3, Y2(X)=SGN(X)*(ABS(X))~.33333

and in (2 ) :

YKX)=X*2, Y2(X)=SQR(X) , with -l^X^l.

Activities

( 1 ) T r y Y K X ) = X * 3 + 1 . D o e s i t s e e m t o h a v e a n i n v e r s e ^

function? How can you prove it does (or doesn't)? Can you

find the i nve rse i f i t ex i s t s , o r find the i nve rse on a

su i tab le res t r ic ted domain?

(2) Same questions for:

YKX)=X*3+X+1

YKX)=X"3-1

YKX)=X"3-X+1

/"^^\
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Problem 4. Introducing Limits

What does the epsi lon-del ta defini t ion of a l imi t mean?

How does i t work? Let 's demonstrate the process, first wi th a

cont inuous func t ion , then w i th a func t ion w i th a "ho le" in i t ,

a n d fi n a l l y w i t h a f u n c t i o n w i t h a fi n i t e d i s c o n t i n u i t y ( j u m p ) .

Setup

Disk 1, select #5, LIMITS & DERIVATIVES.

(1) Change only #3, the problem, to LIMIT. Set the LIMIT

to 1.5, press "7" to PLOT. Press "C" to CONTINUE until the

message "NOT THE LIMIT" appears. EXIT by pressing "E", press
"3" again, accept LIMIT, but press "Y" to set the l imi t to

Y(l). Press "7" to PLOT. Continue through at least one ZOOM

( " Z " ) c y c l e .

(2) Change the function to

Y(X) = (X<=.999 OR X>=1.001)*X*X+(X>.999 AND X<1.001)*1.2 .

Set Xmin=.85, Xmax=1.15, LIMIT=1. You can take several steps

before the l imitat ions of the way BASIC defines an isolated

po in t make the tes t fa i l .

(3) Change the function to Y(X)=X*INT(X+1) and the inter

va l to 0 .5^X^1.5. Try the L IMIT as Yd) , then 1, then 1.5 .

Continue until the message "NOT THE LIMIT" appears.
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Display

ARBLIM
Liit! it •
Xwiiri=8
XTivax-2*

VTnin=8
Virsax=8

AX=. i
AV=1

V =XA3
XL=1

EPS=.875

f

/
^

_ w - < * '

•

LIMIT=1
BELTA=.288

Discussion
We can use computer graphics to i l lustrate two features of

t h e e p s i l o n - d e l t a d e fi n i t i o n o f t h e l i m i t . F i r s t , t h e p r o g r a m

s h o w s t h a t t h e d e fi n i t i o n w i l l n o t fi n d a l i m i t ; i t s t r i c t l y

tests a guess. Second, the program demonstrates the

"squeez ing" p rocess . D iscuss in de ta i l the fi rs t few s teps o f

the process showing that one, but usually not both, ends of the

eps i lon in te rva l w i l l de te rmine de l ta . Use a l l o f the examples
to show that there are many ways for the test to fai l , but only

one for success. ARBLIM cannot i l lust rate a l l types of func

tions, only ones which are monotonic near the l imit ing value of

X.

Activities

Try o the r func t i ons and o the r i n te rva l s . Your func t i on

must be monotonic except that you can show a few steps toward

convergence of a funct ion with an isolated point. ^
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Problem 5. Introducing Derivatives

T h e d e r i v a t i v e i s i n i t i a l l y d e fi n e d a s t h e l i m i t o f a

geometr ic rat io . We shal l use computer graphics first to show

this l imit at a point, then to show tangents to a curve across

an in te rva l and to p lo t the i r s lopes , and fina l l y to ge t the

d e r i v a t i v e f u n c t i o n a n d p l o t i t .

Setup

(1) Disk 1, select #5, LIMITS & DERIVATIVES.

Run the bui l t - in example. PLOT, then repeatedly press "<"

to move the secant until DELTA-X=0. Press "L" to move the

c ross ing po in t to the le f t , then repea ted ly p ress "> " un t i l

DELTA-X=0.

Set Y(X)=X"3-3*X, Xmin=-1, Xmax=2, repeat.

Set Y(X)=SQR(ABS(X)), Xmin=-1, Xmax=l, repeat.

(2) Disk 1, select #6, DERIVATIVE FUNCTION WITH EXTREMA.

Set Y(X)=X~3, Xroin=-2, Xmax=2, scaling=AUTOMATIC. Then

PLOT.

Set Y(X)=X"3-3*X. PLOT.

Set Y(X)=SQR(ABS(X)). PLOT.

(3) Disk 1, select #4, PLOT YKX) ,Y2(X) , SIMULTANEOUSLY.

Set YKX)=X"3, Y2(X)=3*X"2, Xroin=-2, Xmax=2,

scaling=AUTOMATIC, AUTOMATIC VERTICALS on Y2. Then PLOT.

Set YKX)=X"3-3*X, Y2(X)=3*X"2-3. PLOT.

Set YlO0=SQR(ABS(X)), Y2(X)=SGN(X)/(2*SQR(ABS(X))) ,

^^n scal ing=MANUAL, Ymin=-3, Ymax=3. PLOT.
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Display

ARBLIM
D e r i v a t i v e
Xmiri=-i
Xmax=l
ViriirF©
Vmax=1

AX=. 1
AV=. 1

/ ^ ^ ^ N

V =SQR(ABS<X))
BELTA-X= .333 SLOPE= 1.73

Discussion
(1) First , we demonstrate the process of finding the slope

of the tangent as the l imit of s lopes of secants.

(2) Next, we plot the funct ion over an interval and plot

the slope of the tangent as a function of X over the Same

in te rva l . Can you an t i c ipa te the de r i va t i ve func t i on f rom the

shape of the "slope of tangent" curve?

(3 ) F ina l l y, we d i f fe ren t ia te the func t ion and p lo t the

func t ion and i t s der i va t i ve s imu l taneous ly over the in te rva l .

We have demonstrated the derivative at a point, a

geomet r i ca l l y ob ta ined der iva t i ve func t ion , and a der iva t i ve
funct ion obta ined by d i f ferent ia t ion. We have seen that a

cont inuous funct ion need not have a cont inuous der ivat ive. As

a byproduct, we have seen extrema of the function corresponding

to zeroes and d iscon t inu i t ies o f the der iva t i ve .

^ K
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/ ^ ^

Activities

Repeat the exercise with some transcendental functions,

e.g., TAN(X), SIN(X), EXP(X), LOG(X).

/^^\
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Problem 6. Geometric Derivatives

Show graph ica l ly the p laus ib i l i t y o f d (s in x ) /dx=cos x by

" f reezing" tangent l ines at var ious points on the graph of

Y(X)=SIN(X).

^

Setup
Disk 1, select #6, DERIVATIVE FUNCTION WITH EXTREMA.

Run the bu i l t - in example . Whi le the der iva t ive is be ing

graphed, f reeze the act ion occasional ly.

Display

MH PL0T1
-PCX) =

f(X) SIN(X)

-rex)
Tangent slope=

.49

Yir:in=-1
Vmax=1
AV=.5

Discussion
Do this demonstrat ion before der iv ing the formula for the

de r i va t i ve o f s i n x .

S in x i s i nc reas ing on t he i n te r va l s [ - ^ / 2 , ^ /2 ] ,

[3* /2 ,5* /2 ] , e tc . and decreas ing e lsewhere. Ext rema occur a t

"Z2, 3^/2, etc. These are reflected on the graph of the
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^sm\

r^

der iva t i ve as in te rva ls on wh ich the der i va t i ve i s pos i t i ve o r

negat ive, and as points at which the der ivat ive is zero (and

changes s ign) . Ver i f y tha t these in te rva ls and s ign a re
cons is tent w i th d(s in x ) /dx=cos x .

Activities

This approach can be taken before deriving the formula for

d i f fe ren t ia t ing any new func t ion , e .g . , quadra t i c and cub ic

polynomials, TAN(X), EXP(X), LOG(X).

-107-



Problem 7. Extrema of Cubics

In this problem, we shall use computer graphics to charac

ter ize the ext rema of cubics.

Setup
(1) Disk 1, select #6, DERIVATIVE FUNCTION WITH EXTREMA.

Set Xmin=-2, Xmax=2, scaling=AUTOMATIC.

Set F(X)=X~3-3*X. PLOT.

Set F(X)=X~3+3*X. PLOT.

Set F(X)=X*3. PLOT.

(2) Disk 1, select #4, PLOT YKX),Y2(X), SIMULTANEOUSLY.

Set Xmin=-2, Xmax=2, DELTA X=.l, scaling=AUTOMATIC,

AUTOMATIC VERTICALS on Y2.

Set YKX) = each of the functions in (1), with Y2(X) = the

der iva t i ve func t ion . Then PLOT.
^

Display

f (X ) MH PL0T1
-PCX) =
XA3-3*X

EXTREMA;
•t- -1,2
* 1 , - 2

Ymun=-5
Vmax=18
AV=5

^
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/^^\

Discussion
I f f (x ) i s a po lynomia l o f degree n , then f ' (x ) i s a

polynomial of degree n-1 and has at most n-1 zeroes. This

means that f(x) has at most n-1 local extrema. Furthermore,

(1) if f(x) is of odd degree, then #max=#min, and

(2) if f(x) is of even degree, then #max=#min±l.

In the case of a cubic, this means that either

(1) there are no extrema, or

(2) there are exactly one maximum and one minimum.

For any po lynomia l , f ' (x )=0 is a necessary but not suffic ient

condition for an extremum.

Activities

A quart ic wi l l have at most three extrema. Construct and

graph quart ics wi th exact ly one and exact ly three extrema. Is

it possible to construct a quartic with an even number of

externa? Why?
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Problem 8. Applied Maxima/Minima

An open box is to be constructed from a 12"xl2" sheet of

cardboard by cutt ing away corners and folding.

x ,(12-2*x), xm m
12"

I 1 2 " 1

What are the dimensions of the box resulting in the

greatest possible volume?

If we let X=length of square to be cut away, then we must

maxmize (12-2*X)"2*X on the domain [0,6].

Setup
Disk 1, select #6, DERIVATIVE FUNCTION WITH EXTREMA.

Set F(X)=(12-2*X)"2*X, Xmin=0, Xmax=6. Then PLOT.

Display MH PL0T1
- f (X) =

f (X) (12-2#X) A2*X

VirarFti
V Tfiax= 158
AV=5£

EXTREMAs
t 2 , 1 2 8

Ymin=-58
Vmax=158
AV=58

^
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Discussion

The graph shows a local (and absolute) maximum at X=2.

^ - ^ Thus the op t ima l d imens ions a re 8 "x8 "x2 " . No te tha t X=2 i s t he

only zero of the derivat ive between 0 and 6. (There is another
zero at X=6 corresponding to zero volume, a minimum.) In many

max/min problems, the fol lowing l ine of reasoning can be used:

(1) A continuous function must have a maximum and minimum on a

closed and bounded domain.

(2) The derivative must be zero or undefined at an extremum.

(3) There is only one such candidate for the maximum or

minimum sought.

(4) Therefore, the candidate is the so lu t ion.

This can often reduce the problem of finding the optimal value

of a function to the problem of finding a unique zero of the

/^^\ der ivat ive on a g iven domain (as opposed to graphing or check

ing the s ign o f the der i va t i ve ) .

Activities

Use the same technique to find the dimensions of a cylin

drical container (closed bottom, open top) using minimum

material (assume no waste) to hold one l i ter.

z^m\
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Problem 9. Introducing Roots

For what value of x does x=cos x? We shall use this ques

t ion to in t roduce severa l approaches to finding roots of an

equa t ion .

^

Setup
(la) Disk 1, select #4, PLOT YKX),Y2(X), SIMULTANEOUSLY.

Set YKX)=X, Y2(X)=C0S(X) , Xmin=0, Xmax=1.57, DELTA X=.l,

scaling=AUTOMATIC, both curves SOLID. Then PLOT.

(lb) Disk 1, select #1, PLOT Y(X).

Set Y(X)=X-COS(X), Xmin=0, Xmax=1.57 DELTA X=.l,

scaling=AUTOMATIC. PLOT.

(2) Disk 1, select #7, ROOTS OF F(X)=0.

Set F(X)=X-COS(X), Xmin=0, Xmax=1.57. In turn, use

BISECTION, REGULA FALSI, NEWTON.

Display

ROOTSBisection
XmirF8

F <X)= -.8863564248
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/ • n

Discussion
To see where two functions have the same value, we might

plot their graphs and see where they intersect (la) . We could

just as wel l p lot their d i fference and see were i t crosses the

X-axis ( lb) . In e i ther case, X is about .7. To improve the

estimate, we might replot for .7^X^.8 with DELTA X=.01, and see

that X is about .74. Methods for root finding are orderly ways

to improve the estimate.

Bisection takes the new estimate halfway between previous

ones . Regu la Fa ls i uses l i near in te rpo la t ion to find the nex t

est imate. In each case, we star t wi th the funct ion having

opposite signs at the previous estimates and discard one of the
old estimates after obtaining the new one. Newton's Method

only needs one previous estimate but must know there is a root

to be found.

We can start as suggested in (2) with the same limits as

we used when beginning (1), or we can use ARBROOT just for

improving the estimates found in (1). We soon find X=.739085
a s t h e r o o t t o s i x s i g n i fi c a n t fi g u r e s .

Activities

Derive the formulas and procedures for the three methods.

Compare the number of iterations required for convergence for

the three methods. When would you choose each method?

Study a book on Theory of Equations to find methods for

determining the number of real roots of an equation and isolat

ing them.
Be sure to do sample calculations by hand or have the

students wr i te the i r own root -find ing programs to re la te the

demons t ra t i on to deve lop ing roo t - find ing sk i l l s .
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Problem 10. Newton's Method

We shall use the examples of Section 3.2.3 to explore the

method, power, and l imitat ions of Newton's Method for finding

roots of an equat ion.

/ ^ ^ m \

Setup
Disk 1, select #7, ROOTS of F(X)=0.

(1) F(X)=X"2-5; run bu i l t - in example.

(2) F(X)=COS(X); F'(X)=-SIN(X), Xmin=0, Xmax=4, then

FIND ROOT.

(3) F(X)=X*3-X+1; F'(X)=3*X"2-1, Xmin=-2, Xmax=2, then

FIND ROOT.

Display

ROOTS
Neuton
Xiriin=-2

^

F(X)= .729864376

Discussion

Use (1) to show successful use of Newton's Method. Use

(2) to show how Newton's Method can lead you away from a root.
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Use (3) to show how Newton's Method can try to find a root

wh ich doesn ' t ex i s t .

Activities

Derive Newton's Method. By hand, start at X=4 in example

(2) and see where it leads you. By hand, carry Newton's Method

from the right in example (3) beyond the point at which it

sw i t ches t o t he l e f t end o f t he i n t e r va l . Obse rve osc i l l a t i on .

ARBROOT uses two rules to guarantee convergence of New

ton 's Method (sw i tch to le f t , b i sec t ) . Can you th ink o f

others?
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Problem 11. Transformation of Coordinates

What is the effect on the coeffic ients of an equat ion of

moving the coord inate axes para l le l to the or ig ina l axes? what

i s t he e f fec t o f ro ta t i ng axes? Wha t t rans fo rma t ion w i l l

reduce the equation to i ts simplest form?

^

Setup
(1) Disk 2, select #1, CONIC SECTIONS.

Change PROBLEM to TRANSLATE AXES, then PLOT.

Move X axis down, then up, then down repeatedly until the

Y term vanishes.

Move Y ax is to the r igh t , then le f t , then r igh t repeated ly

unt i l the X term vanishes.

(2) Disk 2, select #2, ROTATION OF AXES; ELLIPSE.

Run the bui l t - in example.
/"m \̂

Display

CONIC
E l l i p s e .!

— ^/ i d \

* + yXmax=4
VwiirF-2.39
Vwax=.995

AX=1
AV=1

I = 64

4XA2 + 9VA2 - 2X + 11.3V - 32.2 = 8
( .75 , - .375)

Note : See a lso figure in Sec t ion 3 .4 .2 .
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Discussion

In each case, first we demonstrate the process, then we

seek the par t i cu la r t rans fo rmat ion wh ich w i l l s imp l i f y the

equation. Show the geometry and derive the equations for the

t rans format ions ; use the tu to r ia l in the ro ta t ion p rogram.

Activities
Set up equations in STANDARD QUADRATIC form for a circle,

an el l ipse, a hyperbola, and a parabola with center (vertex for

parabola) (H,K) not at the origin. Convert to GENERAL

QUADRATIC form; translate axes to transform equation to sim

plest form. Show that coord inates o f the new or ig in re la t ive

to the o r ig ina l a re (H ,K) .
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Problem 12. Sum and Difference Definitions of
Conic Sections

One way to define an ell ipse is as the locus of a point

moving so that the sum of i ts distances from two fixed points

is constant . S imi lar ly, a hyperbo la can be defined as the

locus of a point moving so that the di fference of i ts d istances

from two fixed points is constant . Let 's see the process and

the curves and equations produced.

Setup
Disk 2, select #1, CONIC SECTIONS.

(1) Set axes=DON'T SHOW. Set problem=SUM OR DIFFERENCE,

CONSTRUCT NEW CURVE. Choose SUM, DISTANCE=4, SUM=12. Then

PLOT.

Set screen=KEEP, accept the limits. Reselect problem=SUM

OR DIFFERENCE, CONSTRUCT NEW CURVE. Choose SUM, keep

DISTANCE=4. Successively set SUM=6, 5, 4.4. PLOT each new

e l l i p s e .
(2) Set screen=CLEAR. Reselect problem=SUM OR DIFFERENCE,

CONSTRUCT NEW CURVE. Choose DIFFERENCE, keep DISTANCE=4. Set

DIFFERENCE=3.6. Then PLOT.

Set screen=KEEP, accept the l imits. Reselect the

problem=SUM OR DIFFERENCE, CONSTRUCT NEW CURVE. Choose

DIFFERENCE, keep DISTANCE=4. Successively set DIFFERENCE=3, 2,

1. PLOT each new hyperbola.
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Display

^■s
COMIC
E l l i p s e

+ C<V)/!.£■) "2 = 1

Discussion
Conic sections with constant distance between the fixed

po in ts a re ca l led confoca l . For confoca l e l l ipses and hyper -

fim^ bolas, notice how the shape and size change as the

sum/difference changes.

When using SUM OR DIFFERENCE while plotting a family of

el l ipses or hyperbolas, always work from the outside in to

m in im ize the e rasu re o f ea r l i e r cu rves . I f t he des i red resu l t

is just the curves, not the animation, use problem: DRAW;

there will be no erasures. You can use SUM OR DIFFERENCE to

generate the equation, then switch to DRAW to plot.

/^^^\

Activities
For ellipses, what is the result if SUM=DISTANCE, if SUM

is much larger than DISTANCE?

A dome wi th e l l ip t ic cross sect ion is cal led a "whisper ing

dome" because a sound produced at one focus can be heard

clear ly at the other focus. Explain th is phenomenom.
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Confocal el l ipses and hyperbolas are mutually perpen

dicular. Why? (Compare problem 29.)

Note: This exercise might well be done as a dynamic

p r e s e n t a t i o n o f o n e e l l i p s e a n d o n e h y p e r b o l a , t h e n a s s l i d e ^

shows of confocal el l ipses, confocal hyperbolas, and confocal

ellipses and hyperbolas, perhaps using MH GRAPH EDITOR to label

the d is tances.

^
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Problem 13. Eccentricity Definition of Conic Sections

If a point moves so that the rat io of i ts distances from a

fixed point and a fixed l ine is constant , i t sweeps out a conic

section. Let 's see the process and the curves and equations

generated. We shal l work in polar coordinates, but the

equations may also be examined in standard quadratic form.

r ^

Setup
Disk 2, select #1, CONIC SECTIONS.

Set problem=ECCENTRICITY, scaling=MANUAL, Xmin=-10,

Xmax=10, Ymin=-10, Ymax=10, axes=DON'T SHOW.

At #1, choose POLAR, reject current equation, set

ECCENTRICTY=.5 , DISTANCE=2, DIRECTIONS. Then PLOT.

Set screen=KEEP, change equation successively to

ECCENTRICITY=.7, .9, 1, 1.5, 2, 4. Keep DISTANCE=2,

DIRECTIONS. PLOT after each change.

Display

s^m^

OO'NIC
Hyperbola

R(T) = 2*2/(1 - 2*C0S(T))
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Discussion
The d i rect r ix and one focus are fixed. As the

eccent r ic i ty increases, the o ther focus moves to the r ight
t o w a r d + < » , d i s a p p e a r s a l t o g e t h e r f o r t h e p a r a b o l a , t h e n r e a p - i

pears f rom the le f t for the hyperbolas.

Activities

Prove tha t a pa rabo l i c reflec to r concen t ra tes pa ra l l e l

ax ia l rays a t a s ing le po in t .

^

^
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Problem 14. Area

What is area? We know and can calculate area for figures

composed of rectangles and tr iangles, but what of i r regular,

cu rved figu res? As a p re l im ina ry t o defin ing t he defin i t e

integral , le t 's examine two approaches to defining the area of
a figure bounded by curved l ines.

Setup

(1) Disk 2, select #5, MONTE CARLO INTEGRATION.

Run the built-in example. CONTINUE once with DOUBLE (via

#3 NUMBER OF DARTS).

(2) Disk 2, select #3, DEFINITE INTEGRAL.

Set method=RECTANGLES, then INTEGRATE. Change number of

^^ subdiv is ions success ive ly to 8 , 16, 32, and INTEGRATE each

t ime.

Display

r^

INTEGRATION
Fund. Th.
Xmin=-1
Xnfiax=4
Vmin=8
VTnaxF. 998
L=2.17586
M= 2.113:36
R=2.83799

aj.i'-.— JL

-\k

/

L

a \

\

\

l / ( l+XA2))dX= 2.11122 (EXACT)
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Discussion
One unconventional approach to defining area is as a ratio

( s e e S e c t i o n 3 . 5 . 3 ) . T h e fi r s t p a r t o f t h i s e x e r c i s e i s i n

tended to get students to think about area. Second, we

approximate area as the sum of rectangular str ips, but which

s t r i ps? The l e f t , m idd le , and r i gh t rec tang les l e t us cons ide r

the variation due to choice of the point at which we get the

he ight o f a rec tang le . In both par ts o f the exerc ise, we

examine the effect of increasing the sample size, the number of

"da r t s " o r rec tang les .

One dart or one rectangle requires one function

eva luat ion . Which is more e f fec t ive? We need a s tandard . At

the bottom of the screen we are given the "exact" value. At

this stage we need not know the source of that value, we just

use i t to show that computat ional effor t is general ly more

effect ive wi th rectangles than darts, and that more cal

culat ions br ing us c loser to the exact value.

Activities

Try a funct ion/ in terva l combinat ion wi th the funct ion sym
metr ic about the midpoint of the in terval and wi th the funct ion

an t i - symmet r i c .

/ ^ ^ \

/*^w»v
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Problem 15. The Definite Integral

The defin i te i n teg ra l i s defined as
n

ja f (x)dx = lim ^f (w±)
IW-o1

where P={Axi> and ||P|| is its largest element. We shall
illustrate the processes used in developing this definition.

Setup
Disk 2, select #3, DEFINITE INTEGRAL.

Set method=RECTANGLES, Xmin=0, Xmax=3. INTEGRATE first

wi th 4 subdiv is ions, then 8, 16, 32.

Change function to Y1(X)=X*X+1, Y2(X)=0. Repeat the four

i n t e g r a t i o n s .

Display

/-^^\

fo<«xJ 8

INTEGRATION
Fund. -Th.
Xmin=8

? 7
Vmin=8
VmaxF 18 •

| /

— »

L=18.3828
M=11.9648 . YR=13.7578 - /

■
AX= 1
AV=1 i-

«*-"
u_N = 8

+DdX
NO ANTIDERIVATIVE GIVEN.
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Discussion

The defin i t i on o f t he defin i te i n teg ra l pe rm i t s us ing any

sequence of partit ions, so long as the norm (equal to the

l a r g e s t e l e m e n t ) a p p r o a c h e s z e r o . H e r e w e a r e r e s t r i c t e d t o / ^ ^

hav ing a l l subdiv is ions of equal w id th but we can i l lus t ra te

o ther aspec ts o f the defin i t ion and o f the p roo f tha t the l im i t

ex i s t s fo r con t i nuous func t i ons .

F i rs t , we take a decreas ing func t ion . The le f t rec tang les

are upper bounds; the right are lower. We see them coming

together with the middle rectangles squeezed in between.

Next , we take an increasing funct ion; the ro le of le f t and

r ight is reversed, but the process is the same. I f you wish,

you can insert an antiderivative to show where the sums are

heading.

Activities

Try o ther func t ions and d i f fe rences o f func t ions , fo r

example:

YKX)=X~3, Y2(X)=X, for - l^X^O.

YKX)=4*X-X*X, Y2(X)=X, for 0^X^4.

YKX)=X+SIN(X) , Y2(X)=0, for 0^X^6.

YKX)=SQR(X)*INT(X) , Y2(X)=0, for 01X^4.

(Note that r ight-hand value is much larger since Yl(4)=8,

even though it doesn't show on the screen.)

^
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Problem 16. Extrema in Indefinite Integrals

What behav ior in F(X) resu l ts in ext rema or inflect ion

p o i n t s i n t h e i n d e fi n i t e i n t e g r a l ?

Setup

Disk 2, select #4, INDEFINITE INTEGRAL.

Set F(X)=X*X-4, Xmin=-3, Xmax=3. Then PLOT. Interrupt

p lot t ing f rom t ime to t ime to d iscuss progress.

Display

/ i ^ \

MH PLCT2
+' i ':-:' '; zz

X A2-4

X t t i i rF -3

AX=T"~'
VTfiirF-4
VinaxFi
AV=i

f ( t ) d t

Discussion

Changes of sign of F(X) correspond to extrema of its

indefin i te in tegra l , and ex t rema o f F (X) cor respond to inflec

t ion points of the integral . Why? Compare wi th Problem #7.
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Activities

Try o ther func t ions , e .g . , F (X)=(X*X-1) / (X*X+1) , S IN(X) ,
EXP(-X)*SIN(X).

~ i

-128-



r^

Problem 17. Probability Density Functions

We shal l show the relat ionship between a probabi l i ty

dens i ty funct ion (pdf ) and the assoc ia ted cumula t ive d is t r ibu

t i o n f u n c t i o n ( c d f ) .

A pdf is a non-negat ive funct ion whose ( improper) integral

f r o m n e g a t i v e i n fi n i t y t o p o s i t i v e i n fi n i t y i s o n e . I t i s a

density function because i t is the area beneath the curve

rather than a point on the curve i tse l f that g ives the

p r o b a b i l i t y o f a n e v e n t . I n p a r t i c u l a r , i f f ( x ) i s a p d f f o r a

given quant i ty (such as a grade), then the in tegra l of f (x)
from a to b gives the probability that a randomly sampled grade

fal ls between a and b. The requirement that the integral over

R be 1 amounts to insist ing that the probabi l i ty of a given

grade fa l l ing between negat ive and pos i t ive infin i ty be 1 .
The cumula t i ve d is t r ibu t ion func t ion assoc ia ted w i th f (x )

is the funct ion g(x) whose value at x is the integral of f ( t)

w i th respec t to t f rom nega t i ve infin i t y to x . The va lue g (x )

gives the probabi l i ty that a randomly selected grade (or datum)
fa l l s be low x . C lear ly, g (x ) must be a non-negat ive , inc reas

ing funct ion tending to y=l as x is increased.

Setup
Disk 2, select #4, INDEFINITE INTEGRAL.

Run the bui l t - in example.
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Display

MH PL0T2
f (X) =
EXP < - X)
X»in=8
Xinax=4
AX=1
Vmin=,618
VmaxF 1
AV = . l

fl . l+ ( t ) d tJ 8
= .667
Vmin=8
VinaxF.981
AV=. 1

Discussion

The built-in example of MH PL0T2 can be used to

demonstrate a pdf and cdf pair. The funct ion F(X) defined to

be EXP(-X) if X^O and 0 if X<0 is a legitimate pdf, called an

e x p o n e n t i a l d i s t r i b u t i o n . B e c a u s e o f i t s d e fi n i t i o n f o r

nega t i ve X , i t s in tegra l f rom negat i ve infin i t y to b (b>0)

equals the integral of EXP(-X) from 0 to b. Hence, a lef t end-

point of zero wi l l be appropriate for the domain of our graph.
A r ight endpoint o f 4 wi l l capture most o f the in terest ing

a c t i v i t y o f b o t h f u n c t i o n s .

What kind of physical situation might be represented by

th is par t icu lar pdf? I f X is the amount of t ime a person wai ts

in a l ine to get served, then the pfd reflects our expectat ion

t h a t

^

(1) there is zero probabi l i ty of being served in negat ive

t ime, and

(2) one is more l ikely to be served in the first 10 minutes
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than in the second 10 minutes, more likely to be served in

the second 10 than the third, etc.

Activities
For th is pdf , what is the probabi l i ty o f be ing served

wi th in .5 , 1 , 2 , 3 minutes? What is the probab i l i t y o f be ing

served dur ing the firs t minute, the second, the th i rd? Run the

examp le , i n te r rup t i ng t o ge t t he va lue . A l so , find t he
an t ider i va t i ve and eva lua te the appropr ia te in tegra ls .
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Problem 18. Limit Definition of e

The base for the natural logarithm system can be defined
l nas e = l im (1 + i ) . How is th is l imi t approached? How wel l

n — o o n
can this limit be used to approximate e?

^

Setup
(1) Disk 1, select #1, PLOT Y(X).

(1) Set Y(X)=(1+1/X)*X, Xmin=l, Xmax=100, DELTA X=2,

scaling=MANUAL, Ymin=0, Ymax=4. Then PLOT.
(2) Set Y(X)=(1+1/(10"X))"(10"X), Xmin=0, Xmax=12,

DELTA X=.2. PLOT.

Display

ARBPL0T1
Xmin=8
Xmax= 12
VwiirFl
VTriax=89.8

AX=1
AV=1

X=12
t i i . i , . . * J L I I

V =(1+1/(18AX))A(18AX)

Discussion

W i t h t h e fi r s t p l o t , w e s e e Y i n c r e a s i n g fi r s t r a p i d l y,

then s low ly, reach ing approx imate ly 2 .7 when X=100 . To move to 1

very large X, replace X wi th 10*X, then p lot again. Pecul iar
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things happen as X approaches 8 (exponent 10*8); then suddenly

at X near 10 (exponent 10*10) the function becomes identically

o n e . T h e c a u s e i s t h e l i m i t a t i o n s o f fi n i t e a r i t h m e t i c , fi r s t

accumulated roundoff error, then 1/X=0 if X is large enough.

With a computer we cannot get arbi t rar i ly c lose to a l imi t .

Activities

(1) Have members of the class use their calculators to

calculate (1+1/X)*X for X=10*7, 10*8, 10*9, 10*10, and 10*11.

Are there d i f fe rences f rom ca lcu la to r to ca lcu la to r in the

results? What does this say about the way the various cal

cu l a to r s i n t e rna l l y do a r i t hme t i c?

(2) If you have access to a computer which does double

prec is ion ar i thmet ic , repeat the ca lcu la t ion on that computer

in single and double precision ari thmetic. How large must X be

for roundoff error to show? For the expression to col lapse?
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Problem 19. Taylor Polynomials

W e s h a l l i l l u s t r a t e s u c c e s s i v e T a y l o r ( M a c L a u r i n ) / - ^ k

polynomial approximations to several functions to show the con

vergence process and i ts l imi ta t ions.

Setup
Disk 1, select #4, PLOT YKX),Y2(X), SIMULTANEOUSLY.

(la) Use the built-in example, but set Y2(X)=X. Then PLOT.

(lb) Set screen=KEEP. Successively add terms to Y2(X) and

PLOT each new polynomial until you reach

Y2(X)=X-X*3/6+X"5/120-X*7/5040+X*9/362880.

(2a) Set YKX)=1/(1-X) , Y2(X)=1+X, Xmin=-1.5, Xmax=1.5,

DELTA X=.05, scaling=MANUAL, Ymin=-5, Ymax=5, screen=CLEAR.

Then PLOT.

(2b) Set screen=KEEP. Successively add terms to Y2(X) and

PLOT each new polynomial until you reach

Y2(X)=1+X+X*2+X*3+X"4+X*5.

Display

/̂ ■ >̂\

V2=X-XA3/6+XA5/128-XA7/5848+XA9/362888
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Discussion
(1) shows the way each successive polynomial extends the

in te rva l o f a " reasonab ly good" fi t bu t tha t eventua l l y a

polynomial must depart from a bounded function. Why?

(2) shows what happens when we try to fit past a

d i s c o n t i n u i t y.

Activities

Try YKX)=EXP(X), -21X^2, -1^Y^8 with Y2(X) the first few
terms of the MacLaurin series. PLOT as in (1). The approxima

t ion is a lways less than the funct ion for X>0 but a l ternates

less or greater for X<0. Why?

Try YKX)=TAN(X) , -21X^2, -51Y15, Y2 (X) =X+X*3/3+2*X*5/15
or more terms if you have the patience to calculate them. As

in (2) we cross a discont inuity. We cannot get a general

formula for the nth term of the series. What would you guess

would be the radius of convergence? Why would the MacLaurin

polynomial not be a good function to use to approximate TAN(X)?
What would be good?

At the main ARBPLOT menu, select #1, PLOT Y(X). Plot

Y(X)=Y1-Y2 for each example. Y(X) is the error funct ion; show

how it increases with X. What does this suggest about the use

of Taylor polynomials for approximat ion?

Note: This would be a good lesson in which to consider

doing the first example (s in x) on- l ine, then each of the
others as a separate compressed slide show.
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Problem 20. Approaches to Function Approximation

Taylor's Theorem is not the only approach to polynomial

approx imat ion. In terpo la t ion, Least -Squares, and Min imax are

o the r impor tan t approaches . Th is l esson i l l us t ra tes the

d i f f e ren t app roaches by fi t t i ng s t r a i gh t l i nes t o y=s i n x ,

0 ^ x ^ / 2 .

Setup
Disk 1, select #4, PLOT YKX),Y2(X) SIMULTANEOUSLY.

(1) Set YKX)=SIN(X) , Y2(X)=X, Xmin=0, Xmax=1.57, DELTA

X=.03, scaling=MANUAL, Ymin=0, Ymax=1.57, screen=CLEAR,

Yl=DOTTED, Y2=SOLID. Then PLOT. See the Taylor approximation

s t r a i g h t l i n e .

(2) Set YKX)=SIN(X), Y2(X) = .6366*X, DELTA X=1.57 (for

speed), screen=KEEP. PLOT. See also the Interpolation l ine.
(3) Set YKX)=SIN(X) , Y2(X)=.6644*X+.1148. PLOT. See also

the Least-Squares l ine.

(4) Set YKX)=SIN(X) , Y2(X) =.6366*X+.1053. PLOT. See also

the Minimax l ine.

/^^^\
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Display

s^m^
AREPL0T4
Xir;in=8
Xmax=1.57 1 /Vl.¥!in=8
Vlmax=l
¥2ttir;=,i85
V2max=l.l

AX=. 1
AY'=. 1 y ^ X

X=1.57 ^ ^ u
V1=SIN(X)
V2= ,6366*X+. 185

/""^"N

Discussion

The Taylor line has the same value and slope as y=sin x at

x=0. The Interpolat ion l ine passes through the points (0,0) and

(rr/2,l), (slope=2/rr ) . The Least-Squares line minimizes

r 7 2
(s in x - (a+bx))2dx/ - :

The Minimax line minimizes the maximum error and thus lies

hal fway between the Interpolat ion l ine and the tangent l ine
with the same slope.

Which approach is best? That depends on the information

avai lable and the purpose for the approximation.

I f al l we know about the sine funct ion are i ts values at

x=0 and x="/2, then Interpolat ion g ives us the best , actual ly

the on ly, poss ib le fi t . I f we want a s t ra igh t l i ne wh ich

"behaves l ike" the s ine funct ion for smal l x , i .e . , has the

same value and direct ion, Taylor is the best. I f we want the

"average" error to be as small as possible, then Least Squares
is best. Least Squares is the proper model for many problems
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involving experimental data. If we need to know the maximum

error and wish to make that error as small as possible, as

would be the case for a subroutine to be built into a cal

culator or programming language, then the Minimax approach is

b e s t .

Activities

(1) Plot Y(X)=SIN(X)-(A*X+B), where A and B are the

c o e f fi c i e n t s f o r t h e f o u r fi t s . Y ( X ) i s n o w t h e e r r o r f u n c

t ion. For each fit , what is the maximum error? Where does i t

occur?

(2) Extend the comparison of methods by comparing the

Tay lo r and In te rpo la t ion th i rd -degree po lynomia ls . To ge t the

Interpolat ion cubic , pass a th i rd-degree polynomial through the

poin ts (X,SIN(X)) , fo r X=0, n /6 , * /3 , * /2 . Compare the two

fi ts by p lo t t ing them and by p lo t t ing the e r ro r func t ions .

^
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Problem 21. Fourier Series

Fourier series can be used to approximate a discontinuous

funct ion, but a pecul iar thing cal led Gibbs' phenomenon occurs

n e a r t h e d i s c o n t i n u i t y. We s h a l l e x p l o r e t h i s g r a p h i c a l l y.

Note: This lesson is proposed to be a compressed slide

show because the setup time for each graph is long, and the

compar ison of finished graphs is the important feature.

Setup

(1) Disk 1, select #1, PLOT Y(X).

Set Y(X) = .785*((X<3.141)-(X>3.14D) , Xmin=0, Xmax=6.28,

DELTA X=.033, scaling=MANUAL, Ymin=-1, Ymax=l, curve=DOTTED.

Then PLOT.

After plot t ing, exi t to the main menu. Save the display as

a COMPRESSED GRAPH on your GRAPH PACK initalized diskette. Call

your graph SQUARE WAVE.

(2) Return to ARBPLOT main menu. Select #4, PLOT

YKX),Y2(X), SIMULTANEOUSLY.
Set screen=KEEP, Xmin=0, Xmax=6.28, DELTA X=.l,

scaling=MANUAL, Ymin=-1, Ymax=l, both curves SOLID,

Yl(X)=SIN(X)+SIN(3*X)/3+...+SIN(n*X)/n, Y2 (X) =SIN(n*X)/n, where

n=3, 5, 7, 9, or 11. Then PLOT.
After each plot, exit to the main menu. Save the display

as a COMPRESSED GRAPH. Call each successive approximation

FIRST, SECOND, THIRD, etc.

From your GRAPH PACK diskette reload your SQUARE WAVE

graph after saving each graph and repeat step (2) unti l you
have built a set of compressed graphs for n=3, 5, 7, 9, 11.
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(3) Make a COMPRESSED SLIDE SHOW of your graphs (see

Section 2.5.3) .

Display

FOURIER
Square Wave
Xmin=8
Xviax=6.28
VlTfiirF-,928

V2iiiax:=,8989
AX=1
AV=. 1

X=6.28

t / W

Vli*iax=.928 .

Vl=SIN(X)+SIN(3*X)/3+3IN(5$X)/5+SIN(7$X
' /7+S IN(9*X) /9+S IN( l i *X ) / l i
¥2=SIN(11*X)/U

Discussion

Each slide displays the most recent approximation and the

contribution the last term makes to the approximation. Run

through the slide show; Gibbs' phenomenon becomes evident.

Activities

Construct addit ional sequences of Fourier approximations

for both discontinuous and continuous functions. For example,

try discont inuous and cont inuous sawtooth patterns. Note that
Gibbs' phenomenon occurs only for discontinuous functions.
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Problem 22. Lissajous Figures

/ ^ \
I f we plot x=sin(a+bt) against y=sin(c+dt) , we get a L is

sa jous figure. L issa jous figures are used in e lect ron ics as an
a id i n ana lyz ing a l te rna t i ng cu r ren ts o f d i f f e r i ng f requency

and phase.

Setup
Disk 1, select #2, PLOT X(T) VS. Y(T).

Set Tmin=0, Tmax=6.3, DELTA T=.05, scaling=AUTOMATIC and

INDEPENDENT.

Set X(T)=SIN(5*T), Y(T)=SIN(6*T). Then PLOT.

Change to X(T)=SIN(5*T), Y(T)=SIN(7*T). PLOT.

^m^ Display

Discussion

Lissajous figures are good examples to use to introduce

parametr ic equat ions. The equat ions are s imple yet the curves
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are intr icate and the curves have a clear physical

i n t e r p r e t a t i o n .

The first curve has a period of 2*; the second, n. How

c a n y o u t e l l i n a d v a n c e w h a t t h e p e r i o d w i l l b e ? •

Activities

Construct some addi t ional L issajous figures, both s imple

and in t r icate such as:

X ( T ) = S I N ( T ) , Y ( T ) = S I N ( 2 * T ) ( B o w t i e )

X ( T ) = S I N ( T ) , Y ( T ) = C 0 S ( 2 * T ) ( P a r a b o l a )

X (T )=S IN(12*T ) , Y (T )=S IN(13*T ) (P i l l ow)

Use DELTA T=.025 for the last one. You might want to use

MANUAL scaling to see your curve sooner.

Note : I f you use L issa jous figures to in t roduce

Parametr ic Equat ions you might fo l low a br ief dynamic presenta- /^m^

t ion wi th a s l ide show consist ing of a var iety of parametr ic

curves.

^
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Problem 23. Cycloids

r^
The path followed by a point on the rim of a wheel roll ing

a long a s t ra igh t l i ne i s ca l l ed a cyc lo id . Re la ted cu rves a re

swept out by points interior to the wheel or on a flange, as on
a ra i l road wheel . The parametr ic equat ions are

x = at - b s in t , y = a - b cos t ,

where t is the angle of rotat ion, a is the radius of the wheel,

and b is the distance from the wheel's center to the moving

p o i n t .

Setup
Disk 1, select #2, PLOT X(T) VS. Y(T).

(1) Set X(T)=T-SIN(T), Y(T)=1-C0S(T), Tmin=-2, Tmax=8,

DELTA T=.l, scaling=AUTOMATIC and INDEPENDENT. Then PLOT.

(2) Change scaling to SAME. PLOT.

(3) Set screen=KEEP, scaling=MANUAL and SAME but accept

present va lues.

Set X(T)=T-1.5*SIN(T), Y(T)=1-1.5*C0S(T). PLOT.

Set X(T)=T-.5*SIN(T), Y(T)=1-.5*C0S(T). PLOT.

Display AREPL0T2
Tmin=-2
Tiv:ax=8
Xir.in=-1.55
Xrcax=7.5i
Vmin=.5
¥rcax=1.5

AX=1
AV=1

X =T-.5*SIN(T)
V =1-.5*003(T)
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Discussion

The fi rs t cu rve su re l y doesn ' t l ook l i ke a cyc lo id , when

we are descr ib ing two-d imens iona l phys ica l ob jec ts , i t i s

usua l ly a good idea to have sca l ing on both axes the same. Now )

look a t the second curve . That ' s more l i ke i t . Super impos ing

the exterior and interior curves shows us what happens on the

wheel. What is the path followed by a point on the tread of an

under - i nfla ted pneumat i c t i r e?

Activities

The path followed by a point on the rim of a wheel roll ing

inside another wheel is cal led a hypocyclo id. The equat ions

a re :

x(t) = (a-b)cos t + b cos

y ( t ) = (a -b )s in t - b s in

where a is the rad ius of the fixed c i rc le , b is the rad ius of

the ro l l i ng c i r c le , and t i s t he ang le o f ro ta t i on o f t he

c e n t e r o f t h e r o l l i n g c i r c l e . C o n s t r u c t h y p o c y c l o i d s f o r

b = a/3, a/4, a/6, and 2a/9.

How would the equations change for a circle rol l ing

o u t s i d e a fi x e d c i r c l e ( c a l l e d e p i c y c l o i d ) ? C o n s t r u c t

epicycloids with the same proport ions as the hypocycloids.
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Problem 24. Introducing Polar Coordinates

Propert ies of symmetry, extent , per iodic i ty, and the many-

one re la t ionship of coord inates to po ints for curves in po lar

coord inates are d i f ferent f rom the proper t ies of curves in rec

tangu lar coord inates . Le t 's p lo t a success ion o f curves to

show the propert ies.

Setup
Disk 1, select #3, PLOT R(T) (POLAR).

Set Tmin=0, Tmax=6.3, POINTS PER REVOLUTION=64,

scaling=MANUAL, Rmin=0, Rmax=2.
(1) Set R(T)=1. PLOT.

(2) Set R(T)=1+SIN(T). PLOT.

(3) Set R(T)=1-C0S(T). PLOT

Change to Rmin=0, Rmax=l.

(4) Set R(T)=SIN(2*T). PLOT.

(5) Set R(T)=C0S(2*T). PLOT

(6) Set R(T)=-SIN(T). PLOT

(7) Set R(T)=COS(T). PLOT

Change to Tmin=-5, Tmax=12, POINTS PER REVOLUTION=32,

scaling=AUTOMATIC.

(8) Set R(T)=T. PLOT.

(9) Set R(T)=EXP(.2*T). PLOT.
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Display

ARBPL0T3
Tmin=8
Tmax=6.3
Rmin=-1
RiV!ax= 1

AR=. 1
T=6.28
R =C0S<2*T>

/"^^^X

Discussion
(1) We start by showing that the basic curve (R=const.)

i s a c i r c le ra the r t han a s t ra igh t l i ne (Y=cons t . ) .

(2), (3) The familiar sine and cosine curves become car-

dio ids. Not ice and discuss the symmetr ies of s ine-only and

cos ine -on l y f unc t i ons .

(4), (5) R can be negative. Again notice the symmetries.

(6), (7) As T goes from 0 to 2n, the curve is swept out

twice. A point in the plane can have many coordinate pairs.

In (4) and (5) the per iod of the funct ions is " , but the

per iod of the curve is 2* . In (6) and (7) the per iod of the
funct ions is 2n but the period of the curves is n. what causes

this phenomenon?

(8), (9) We see that polar coordinates have uses other

than for per iodic funct ions. The curves are the Archimedean

sp i ra l and the Sp i ra M i rab i l i s o r l oga r i t hm ic sp i ra l . Why

logar i thmic? What a re phys ica l cond i t ions g iv ing r i se to

these?

/ • ^ • k
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Activities
As a slide show and/or student assigments, explore other

po lar curves, e .g . , l imacons, roses, lemniscates, conchoids,
and o ther sp i ra ls . Exp lore combinat ions , e .g . , r=a+b cos k t .

See Problem 13 for polar equations for conic sections.

r ^

/ G ^ y
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Problem 25. Polar Integration

We shall use computer graphics to show the basic increment

of summation in finding area in polar coordinates and we shall

show the process of summation.

Setup
Disk 2, select #6, POLAR INTEGRATION.

Set RKT)=1+C0S(T) , R2(T)=0, Tmin=0, Tmax=6.284, number of

subdivisions=12, mode=TYPICAL ELEMENT AT T=.6, antiderivative

I(T)=.75*T+SIN(T)+SIN(2*T)/8. Then INTEGRATE.

Change mode=SUM. Then INTEGRATE.

Change number of subdivisions=24. INTEGRATE.

Display

INTEGRATION
Polar
TiriirF8
Twiax=6.28
Rviin=8
Rir!ax=2

iR= i

f 6 . 2 8 2I = .5*((1+C0S(T)) )dT
J 8 = 4 . 7 1 4 8 2 ( E X A C T )

Discussion

We see first the typical element in integrating to find
area in polar coordinates, next we approximate the area as the

/^^\
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sum of circular sectors, and then we increase the number of

sectors to show approaching the true value.

Now use the examples in Section 3.5.4 to show area between

two curves, area with negative radius, and area between two

loops of the same curve.

Activities

Using the technique of the last example of Section 3.5.4,

find the net area of the l imacon, r=3+5 sin t (outside area

minus the area of the "hole") .

-149-



Problem 26. Convergence and Summation of
Alternating Series

Convergent a l ternat ing ser ies have the desi rable property

that part ia l sums al ternate between larger and smal ler than the

sum of the series, with the difference between sum and partial

sum always less than the magnitude of the first term not used.

Newcomers t o i nfin i t e se r i es f r equen t l y have d i f ficu l t y

v i sua l i z ing th i s phenomenon . Th is lesson i l l us t ra tes conver

gence o f a l te rnat ing ser ies graph ica l ly and numer ica l ly.

Setup
Disk 1, select #8, SEQUENCES AND SERIES.

(1) Set U(N)=(-1)*(N+1)/N*2, F(N)=NONE, start ing value for

N=l . Then PLOT. See osci l la t ion of terms and part ia l sums.

(2) Set l imi ts , s tar t ing va lue=l , number of terms=45.

PLOT. See sum settle down to .822xx.

(3) Set l imits to cont inue for 51 more terms. PLOT. See

th a t . 8 2 2 p e r s i s t s a n d o s c i l l a t i o n i s i n t h e f o u r t h a n d fi f t h

decimal places.

Display
SERIES

N=45
U(N)=(-i)A(N+l)/NA2
U=4.9383E-844 8=.82271
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Discussion

How many terms are needed to calculate

accurate to three decimal places?

<-Dn+1

n = l

THiTp< .5*10-3 ^>n>44.

Step 1 shows the oscil lat ion of terms and part ial sums.

Step 2 shows that the sum is .822xxx.

Step 3 ver ifies that the firs t th ree dec imal p laces do not

change for n>45. The sum to five decimal places is .82247.

Activities

Repeat the exercise for:

J !zlin+1 and f} ^"+1
Calculate the number of terms needed for three decimal

f 1 ^ p l a c e a c c u r a c y. P l o t s u f fi c i e n t t e r m s t o s h o w c o n v e r g e n c e .

Nl must be defined recursively, so in the second case, set

U(N)=-U(N-1)/N, wi th U( l ) preset to 1.
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Problem 27. Direction Fields and Integral Curves

W e s h a l l d e s c r i b e t h e i n t e g r a l c u r v e s o f t h e d i f f e r e n t i a l '

equa t ion dy /dx=-x /y.

Setup
Disk 2, select #8, DIFF. EQUATIONS/DIRECTION FIELDS.

Set DY/DX=-X/Y, initial condition X0=0, Y0=3, mode=DIREC-

TION FIELD AND INTEGRAL CURVE, scaling=MANUAL, Xmin=-4, Xmax=4,

Ymin=-4, Ymax=4, screen=CLEAR. Then PLOT.

Display

MH PLOTS
X8=8
V8=3
AX=1

AV=1

Vnriin =
. 8952

X: C-4,43
V: C-4,43
dV/dX=-X/V

/ s ^^-^f - - - v \
/ / sstr?" : ^ < v > \ \
/ /// s - - N \ \ \ \

' / / / • ' ' v> M \
\ \ \ \ -v s / i I !
\ \ \ N - - s / / /
\ \ s. ^ - - - • • - / /
\ s. ^ ^ _ - - ^ • /

Discussion

The integral curves of DY/DX=-X/Y are the circles
2 2 2x +y =r . Th is is easy to obta in d i rec t ly s ince the

d i f fe ren t ia l equat ion i s separab le , bu t you can a lso ver i f y

th is by us ing the fac t tha t a c i rc le ' s rad ius i s perpend icu la r

to the tangent i t in tersects . Note that the graph shows only

^
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the upper hal f o f a c i rc le of radius 3; to get the lower hal f ,

set the ini t ial condit ion to X0=0, Y0=-3, and PLOT again.

( A c t i v i t i e s
Descr ibe the in tegra l curves for dy /dx=x/y.

^ \
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Problem 28. Logistic Population Models

The logist ic populat ion model (Appendix A) is

dy /dx=(a-by)y. I f A= .5 , B=.05 , we have dy /dx=( .5 - .05y)y. We
sha l l ob ta in i n teg ra l cu rves rep resen ta t i ve o f t he d i f f e ren t

k inds of behavior o f the so lut ions.

Setup
Disk 2, select #8, DIFF. EQUATIONS/DIRECTION FIELDS.

Set DY/DX=(.5- .05*Y)*Y, in i t ia l condi t ion X0=0, Y0=2,

mode=DIRECTION FIELD AND INTEGRAL CURVE, scaling=MANUAL,

Xmin=0, Xmax=15, Ymin=0, Ymax=15, screen=CLEAR. Then PLOT.

Change initial condition to X0=0, Y0=15, mode=INTEGRAL

CURVE, screen=KEEP. Then PLOT.

Change init ial condit ion to X0=0, Y0=10. PLOT again.

Display

15,

MH PLOTS
18

1 \ \ \ \ \ n \ \
\ \ \ \ \ \ \ \ \ \ \

/• x" X x>^rX' S S S S
/ / / / / / / / / /
/ / / / / / / / / /

/ / / / / / / / / /
' ~" ^ i~ ~~ ^ ,:, A

dV/dX=(.5-.85*V)*V
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Discussion
The last curve shows a steady-state of Y=10. I f the

i n i t i a l p o p u l a t i o n i s Y = 2 ( t h e fi r s t c u r v e ) , t h e p o p u l a t i o n

grows rapid ly at firs t , then s lows as i t approaches a "carry ing

capac i t y " o f 10 . I f the popu la t ion s ta r ts above the ca r ry ing

capac i t y, t he popu la t i on dec reases asympto t i ca l l y to i t . A l so
note that the population grows fastest at Y=5 (the maximum of

( .5 - .05y )y ) ; th i s ind ica tes the leve l fo r ha rves t ing a popu la
t ion to obta in the greates t y ie ld per un i t t ime.

Activities

(1) A steady-state populat ion is a populat ion which is

approached asymptot ica l ly as x increases. An equi l ibr ium state

is a s ta te wh ich i f en te red i s never le f t . In th is example

there are two equi l ibr ium states and one steady state. What

are they?

(2) Answer (1) for the general model dy/dx=(a-by)y. At

what populat ion leve l is the populat ion increas ing the fastest?

(3) Suppose I want to raise catfish in a pond and that the

p o p u l a t i o n s a t i s fi e s t h e g e n e r a l l o g i s t i c d i f f e r e n t i a l e q u a

t ion . What i s the bes t s t ra tegy fo r ha rves t ing the ca tfish?

(4) Newton's law of cooling: Suppose a room or other

environment has a constant temperature TO and a relatively

smal l ob jec t o f d i f fe ren t tempera tu re i s le f t to coo l (o r

warm). I f T is the temperature of the object a t t ime t , then

it is reasonable to assume that the rate at which the object

changes temperature is proport ional to the di fference in tem

perature between the environment and the object, i .e.,
dT/dt = k(TO-T). Assuming that k=.01 and T0=70, draw a direc

t i o n fi e l d . D r a w i n t e g r a l c u r v e s t h r o u g h t h e i n i t i a l p o i n t s

(0,30), (0,70) and (0,210) and interpret your graph.
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Problem 29. Orthogonal Trajectories

Show how the or thogona l t ra jec to r ies o f a fami ly o f curves ^*^k

can be obta ined through manipulat ion of d i f ferent ia l equat ions.

Setup
Disk 2, select #8, DIFF. EQUATIONS/DIRECTION FIELDS.

Set DY/DX=X, initial condition X0=0, Y0=-4, mode=INTEGRAL

CURVE, scaling=MANUAL, Xmin=-5, Xmax=5, Ymin=-5, Ymax=5,

screen=CLEAR. Then PLOT.

Change screen to KEEP, initial condition Y0=-3 (XO stays

fixed), and PLOT again. Continue increasing YO and plotting

unt i l Y0=3.

Now change the differential equation to DY/DX=-1/X,

init ial condit ion X0=-4, Y0=0, and PLOT. Hold YO fixed while

increasing XO by one and plotting until X0=4.

Display

The parabolas are integral curves of the
d.e. dy/dx = x, and the other curves
are the orthogonal family given by
dy/dx = -1/x.

(Text changes made with MH GRAPH EDITOR)
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Discussion
The d i rec t i on l i nes o f t he two d i f f e ren t i a l equa t i ons ( i f

they were drawn) are or thogonal , s ince X*(- l /X)=- l „ The resul t

ing curves form "or thogonal t ra jector ies" s ince any two in ter

sec t ing curves are or thogona l ( i .e . , the i r tangents are

o r thogona l ) a t po in ts o f i n te rsec t ion . I f we had s ta r ted w i th

a one-parameter fami ly of curves rather than the d i f ferent ia l

equation, we could at times have found the orthogonal family by

fi r s t fi n d i n g a d i f f e r e n t i a l e q u a t i o n d y / d x = f ( x , y ) d e t e r m i n i n g

t h e fi r s t f a m i l y, t h e n s o l v i n g d y / d x - - l / f ( x , y ) t o fi n d t h e
2second fami ly. For example, start ing wi th the fami ly y=x +C,

we could di fferent iate each side to obtain dy/dx=2x, then solve

dy/dx=- l /2x for the or thogonal curves.
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Problem 30. Exploring

One of the best uses of the computer by the student or

c lass i s to .exp lo re new te r r i to ry, to answer "what i f "

ques t i ons . Ana l y t i c geome t r y, pa r t i cu l a r l y pa rame t r i c

equations and polar coordinates, can be used to produce many

interest ing figures. Try develop ing some of your own.

Setup

How was the following graph prepared? (Hint: The same

functions were used throughout.)

Display

/*̂ *fc\

Discussion/Activities

You can start either with (1) how was the figure con

structed, or (2) what is the curve of the equation, and go as
far as you please.
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r ^ 6 . T e c h n i c a l N o t e s

ARBPLOT consists of sixteen applications programs; four

programs used in saving and modifying displays and running

sl ide shows; and one binary file containing several machine

language subroutines, shape tables, and high-res character

sets. The package requires a 48K Apple II Plus computer with

one disk drive, or a 48K Apple II with Applesoft ROM or

Language System and one disk drive, each with DOS 3.3. A

printer with graphics capabil i ty can be used by the package.

Because most of the programs are large (50-60 sectors in

their or ig inal form), i t was necessary to "crunch" the programs

to make the package fit on two diskettes. The crunching

process removes all REMarks and unnecessary line numbers, sav

ing considerable space and running time, but also making the

programs unreadable. In order to help those who would like an

understanding of the working of the programs, Appendix C has a

listing of the uncrunched version of ARBPLOT1. For those who

wish to incorporate another printer into the SAVE DISPLAY

process, Appendix D contains a listing of DISPLAY.

The major design considerations for the programs were:

1. Modularity for ease of adding new programs

2. Menu driven for ease of use

3 . Comple te inpu t con t ro l

4 . Complete er ror t rapp ing

5. Funct ion decoding

6. Scal ing and windowing in curve p lot t ing
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7 . Pr in t ing on the h igh- reso lu t ion g raph ics sc reen

8 . Po in te rs to improve speed in c r i t i ca l po r t i ons

These considerations will be discussed using ARBPLOT1 as

an example. ARBPL0T1 was the basic building block for the

ARBxxxx programs; the principles are the same but the execution

is different for the MH PLOT programs.

The ARBPLOT disks have been formatted with a "nine-

descending sector skewing" which results in about a 65%

improvement in program loading time. The method is described

in D. Worth and P. Lechner, "The Speed Sector," Softalk. Apri l

1982.

6.1. ARBxxxx Programs
All ARBxxxx programs are organized in the same way. All

use high-resolution graphics page 2 ($4000-$5FFF) and a common

binary file called ARBPCHAR residing at 24576-27647 ($6000-
$6BFF). LOMEM is set to 27648 ($6C00) to place all variables

above the binary file. The programs are organized as fol lows:

L i n e M o _ . F u n c t i o n

1 S e t L O M E M ; j u m p t o i n t r o d u c t i o n
2 - 4 F u n c t i o n d e fi n i t i o n s
1 0 0 - 6 1 0 M i s c e l l a n e o u s s m a l l s u b r o u t i n e s
8 0 0 - 8 9 0 I n t r o d u c t i o n ; c a l l s S R 2 4 0 0 0
1 0 0 0 - 1 1 9 0 M a s t e r m e n u
2 0 0 0 - 2 9 9 0 C h a n g e f u n c t i o n ; c a l l s S R 1 8 7 0 0
3 0 0 0 - 3 9 9 0 C h a n g e l i m i t s a n d s c a l i n g
4 0 0 0 - 4 2 9 0 , P r o c e s s m e n u c h o i c e s 3 - 5

4500-4990
4 3 0 0 R e c a l l d i s p l a y
4 4 0 0 - 4 4 1 0 E x i t t o A R B P L O T m e n u
5 0 0 0 - 5 9 9 0 C a l c u l a t e a n d p l o t ;

calls SR18000, 18100, 18220
6 0 0 0 - 8 9 9 0 S p e c i a l c a l c u l a t i o n s a n d p l o t t i n g
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5870-5900
or

9000-9500
18000-18090

18100-
18220-
18600-
18700-
19600-
20000-
21100-
24000-

18210
18590
18630
18880
19630
21090
22390
24300

End of p lot processing; return
to menu

Evaluate funct ions,
find true min and max

Plot curve - automat ic scal ing
Plot curve - manual scaling
P r i n t t h r e e s i g n i fi c a n t fi g u r e s
Decode function
Case conver ter for h i - res text
General input rout ine
Error processing
I n i t i a l i z e v a r i a b l e s ,

load ARBPCHAR

ARBPCHAR contains seven files:

Hi- res character generator $6000.$100 24576
MH data $6100.$300 24832
Tiger graph ics $6500.$100 25856
ARB data $6600.$0F0 26112
Error hand l ing rou t ine $66F0.$00F 26352
SINTBL $6700.$100 26368
Hi - res charac te r tab le $6800.$400 26624

f ^ A R B P L O T 1 i l l u s t r a t e s t y p i c a l c o n t e n t a n d u s e o f t h e
modules. The introductory message appears while the variables

are in i t ia l ized, before the master menu ( l ines 1000-1190)

appears . A l l ac t ions re tu rn to the master menu. Subs id ia ry
menus occur where needed; none are in ARBPLOT1. Any action

except PLOT is reversible either by an "OKAY(Y/N)?n question or

by repeating the selection from the menu in those cases where

two choices "toggle" from one to the other. You can return

from PLOT; however, you must first complete the process. Al l

two-way actions are toggled; see l ines 4000-4210.

r
Input control is handled in two ways. For most single

character responses, GET A$ is used, with rejection of unwanted

responses ( l ines 1160-1190, 500-520) . For mul t ip le character

response, a general purpose input routine, ARBREADER, is used
with supplemental response checking (l ines 20000-21090, 300-
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310). ARBREADER has many features not used in this package,

such as mult iple fields per l ine and "HELP" responses. The

major features are described in Appendix F.

Error t rapping has for i ts ob ject ive detect ing and re

sponding to any Applesoft error under program control . In the
ARBPLOT programs, input errors are avoided by input control,

and output errors are avoided by checking al l output (pr imari ly

po ten t i a l o f f - sca le g raph i cs ) be fo re p r i n t i ng o r p l o t t i ng ( see

use of F3 in SR18220), leaving only problems of function

definition and evaluation. These are handled by ONERR GOTO

21100 and lines 21110-21170.

Function decoding modifies the program during execution to

create a DEF FN statement as the second statement in the

program. First, you must find the memory address of the be

ginning of the second line of the program. Lines 24090 and
24180 do this. Next, you must decode the character str ing

defin ing the func t ion and POKE i t in to tha t l ine . Funct ions ,

ar i thmet ic and log ica l opera t ions , and log ica l re la t ions must

be tokenized (see page 121, Applesoft XX Reference Manual).

SR18700 does this, using the token table built in l ines 24210-

24240. Final ly, the result must be checked to be sure a legal

DEF FN statement has been created, and the statement must be

act ivated. The decoding subrout ine does part of the checking;

the process is completed in l ine 2070, which activates the

function, backed up by lines 21127, 21300, and 22200-22220,

wh ich check fo r e r ro rs in defin i t i on .

Drawing the curve properly is handled in two ways. I f

automatic scaling is used, SR18000 calculates an array of func

tion values and finds minimum and maximum values. Lines 5030-
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/^^\

5240 convert the Ymin and Ymax into scale factors so that

SR18100 can plot the curve. If manual scaling is used, you set

Ymin and Ymax, then SR18220 checks each point computed to plot,

re ject , or in terpolate across the boundary of the p lot window.

Pr int ing on the h igh-resolut ion graphics screen is easy

us ing the h igh-reso lu t ion graphics tex t rout ines by Chr is topher

Espinosa from the Apple Software Bank Contributed Programs,

Volume 3. The program and character set are in ARBPCHAR.

Act ivat ing high-resolut ion pr int requires only POKE 54,0: POKE

55,96 ( l ine 5300); returning to text mode requires only PR#0:

TEXT ( l ine 5900). Espinosa's character set inc ludes lower

case, prov is ion for chang ing character defin i t ion , and

prov is ion for a l ternat ive character sets . SR19600 handles case

conversion for ARBPLOT. You wi l l not ice several special

characters on the screen, and MH GRAPH EDITOR has an alter

na t i ve charac te r se t .

Note on Applesoft graphics: High-resolut ion shapes can be

handled in three ways on the Apple:

(1) HPLOTting points and lines through BASIC,

(2) shape tables, and

(3) moving blocks of bytes.

All three of these methods have been used in ARBPLOT. The

HPLOT is the basis for most of the curve-plott ing. Shape

tables are used, for example, for the tangent lines in MH PLOT1

and the "darts" in ARBINT1; the XDRAW instruction allows these

l ines to be "undrawn" wi thout d is turb ing the or ig inal graph.

The shape tables for these lines and forms are contained within
/ ^ \ t h e A R B P C H A R fi l e . B l o c k t r a n s f e r s a r e t h e b a s i s f o r

Christopher Espinosa's High-Resolut ion Character Generator
which is used in most of the ARBPLOT programs.
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Long programs in Applesoft tend to be slow. The farther
in to the p rogram you go , the s lower i t i s . I t i s poss ib le to

foo l App lesof t in to th ink ing the beg inn ing o f a subrout ine is

t h e b e g i n n i n g o f t h e p r o g r a m b y m o v i n g p o i n t e r s . C A L L 2 4 8 3 2 ^ )

does this, activated from lines 18000, 18100, and 18220, then

deactivated in l ines 18080, 18210, and 18580. Moving pointers

is r isky and can cause a program to self-destruct.

Generally, programming tricks should be avoided unless

they make major program improvements that can be made in no

other way. Tricks make programs harder to understand, harder

to transport to other computers, and tend to make programs less

rel iable. We bel ieve that the tr icks used in the ARBxxxx and

MHxxxx programs do improve the programs significantly and are

worth the disadvantages. I f you wish to learn more about

Applesoft, i ts inner workings, and how to beat the system, read
A l l A b o u t A p p l e s o f t p u b l i s h e d b y A . P. P. L . E . ( A p p l e P u g e t s o u n d ^ m ^

Program Library Exchange) and their magazine, Call A.P.P.L.E.f

avai lable at many computer stores or d i rect ly f rom A.P.P.L.E. ,

304 Main Avenue South, Suite 300, Renton WA 98055.

6.2. MH PLOTxx Programs

The MH PLOT1 - MH PLOT3 programs use the same basic struc

ture as that described for ARBxxxx programs. One difference is

that the l ine-numbering is not uniform; however, the major

b locks ( inpu t rou t ine , func t ion decod ing , e tc . ) a re easy to

find. Another d i f ference is the absence of a case-convers ion

rou t i ne f o r t he H igh -Reso lu t i on Cha rac te r Gene ra to r. Th i s was /—»^

not necessary because the programs were written on an Apple
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equipped with a Lower Case Adapter (LCA) chip. Text that is

entered direct ly as lower case wi l l l ist as strange symbols on

an Apple wi thout lower case d isp lay, but th is wi l l not a ffec t

the successfu l d isp lay of lower case in the h igh-resolut ion

grahics mode. LCA chips are commerical ly available for under

$30 (e.g., from A.P.P.L.E., Renton, WA) and are useful in many

appl icat ions, notably word processing.

6.3. Display Saving and Slide Show Programs

Four programs are involved in the display saving and slide

show processes: DISPLAY, SHOW, GRAPH PACK and MH GRAPH EDITOR.

All are reached through option 9 in the ARBPLOT menu; their

funct ions are descr ibed in Sect ion 2.5.

/ " ^ Y0U may w i sh t o change D ISPLAY to i nco rpo ra te ano the r

pr inter. The program l is t ing for DISPLAY is g iven in Appendix
D. Pr in te r con t ro l i s in l ines 3000-3800, w i th the App le

Silentype in l ines 3200-3270, IDS440 Paper Tiger in l ines 3400-

3510, and MX-80 with Grappler controller in l ines 3600-3650.

I f your pr in ter dr iver is in BASIC, you cou ld put i t in l ines

3800-3990, ending it with GOTO 100 to return to the DISPLAY

menu. If it uses a machine language subroutine, you might be

able to place it in one of the gaps in ARBPCHAR. If

incorporating another printer enlarges the DISPLAY program, you

can only have it on ARBPLOT Disk 2 (Disk 1 is full) .

GRAPH PACK is the one program in the package that is not

sum^ qui te what i t seems. The Applesof t end-of-program pointer has

been moved to a l low incorporat ion of three binary fi les wi th in

the program. These files wi l l not show up in a LIST, but they
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are very much there — changing the program wil l destroy i t i f

not done wi th carefu l cons iderat ion of Applesof t po in ters .

This abuse of programming clarity was used for two reasons:

(1) the program loads faster than i f the files were loaded

separate ly, and
(2) GRAPH PACK was written to be moved to other diskettes (on

which s l ides are saved) . S ince a l l suppor t ing b inary

files are contained within GRAPH PACK, there is no danger

of separating them.

The theory and practice of compressing graphs can be found

in Mark Harris, "An Apple Slide Show," Creative Computing.

February 1982.
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Appendix A
A Geometric Approach to First-Order

Differential Equations:
Single-Species Population Models

/^^\

Suppose we wish to model the growth of a population of
some spec ies , say rabb i ts . I f the rabb i ts are g iven lo ts o f

space and food, it is reasonable to assume that the rate of

growth of the populat ion is propor t ional to the populat ion

i tse l f . Le t t ing y (x ) be the number o f rabb i ts a t t ime x , we

have the di fferent ial equat ion dy/dx=ky for some constant k.

Assuming for the time being that k=l/4, we shall graph the

so lu t ion curve y vs . x . Natura l ly, the curve wi l l depend on

t h e i n i t i a l n u m b e r o f r a b b i t s , y ( 0 ) . W i t h o u t t h i s i n f o r m a t i o n ,

the best we can do is to find a family of such curves (called

in tegra l curves) , one for each poss ib le va lue o f y (0) . We wi l l
do th is by means of a direct ion field.

Suppose a solution curve passes through the point (5,2) .
Then the d i f f e ren t ia l equa t ion dy /dx=( l / 4 )y te l l s us tha t the

s lope o f the curve a t th is po in t i s dy /dx=(1 /4)2=1/2 . To
ind ica te th is , d raw a smal l "d i rec t ion l ine" o f s lope 1 /2 a t

t h i s p o i n t a s f o l l o w s :

y *
4

y/4~

S
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Since for th is d i f ferent ia l equat ion the s lope depends only on

the y-coordinate of the point , we may dupl icate th is d i rect ion

l ine a long the l ine y=2:

y ^
4-

"dy/dx = y/4"

g . " S S S S S S

If we continue drawing direction l ines throughout the graph (we

are concerned only with the upper half in this example, since

y<0 is bad news for the rabbits), we get the fol lowing direc
t i o n fi e l d :

y n "dy/dx = y/4~
4 / / / / / / /

/ / / / / / /

» ' / * s s s s s

What does i t al l mean? The field shows the direct ion that

a solution curve must follow as it meanders through the plane,

fo r a l l poss ib le s ta r t i ng po in ts . For examp le , he re i s a
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s o l u t i o n c u r v e w i t h i n i t i a l c o n d i t i o n y ( 0 ) = l : 7

/ f ^ ^ \

Th is approach to so lv ing d i f fe rent ia l equat ions

geomet r i ca l l y w i l l work fo r any d i f fe ren t ia l equa t ion o f the
form dy/dx=f (x ,y) . ( I f the funct ion on the r ight depends on x

a lone, then the so lu t ions are jus t the ant ider iva t ives o f the

f " ^ f u n c t i o n . )

Let us now consider a more sophisticated population model.

Suppose that the rabbits share a fixed food supply. Then in
the d i fferent ia l equat ion dy/dx=ky, we could replace the

constant k with a function k(y) that decreases as y increases.

This would reflect a decreasing net b i r th rate: the more rab

bits there are, the less the chances of a given newborn rabbit

surviv ing because of the increasing scarci ty of food. The most

s imp le f unc t i on k (y ) i s a l i nea r f unc t i on k=a -by. (Th i s i s
ca l l ed the log i s t i c mode l . )
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Appendix B^ R i c h a r d s o n E x t r a p o l a t i o n

-b
Let I = I f(x) dx,

-'a

T = h ( f / 2 + f + f + . . . + f + f / 2 ) ,
N 0 1 2 N - 1 N

b - a
where h =

N

The error is given by

( b - a ) 2
E = I - T = h f " ( z ) , a < z < b

N 1 2

2
/ 1 ^ * \ o r T = I + 0 ( h ) ,1 N

It can be shown that f(x) having a continuous derivative

of order 4, a<x<b, impl ies

2 4
T = I + Ah + 0(h ) ,

N

where A is a constant independent of h.

Then
2 4

T = I + Ah + 0(h )
N

2 4
T = I + Ah /4 + 0(h ).
N

El iminate A, so lve for I .

( ^ 4 T - T2 N N 4
I = + 0 ( h )
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Richardson Extrapolat ion thus starts with a Trapezoidal Rule

approx imat ion of N subdiv is ions, ca lcu la tes the t rapezoida l

a p p r o x i m a t i o n f o r 2 N s u b d i v i s i o n s , a n d c o m b i n e s t h e m a s / - » s

4 T - T
2 N N

R = :
3

to give an approximation of order 4.
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Appendix C
ARBPL0T1 Listing

1 LOMEM: 27648: GOTO 800: REM A.ARB£L0T1, VERSI0N2.1..SEE LINE 301232 DEF FN Y(X) = X • ((X - 1) A 2) k .2: RETURN : REM
100 REM ..FLAGS101 REM F1:SCREEN, F3:MANUAL, F5:CURVE, F6:PL0T, F7:SCALING, F8:AXES
228 :229 REM ..CLEAR A LINE ON SCREEN230 FOR I = K1 TO 5: PRINT B$;: NEXT : PRINT : RETURN
299 'REM ..CHECK FOR NUMERIC ANSWER300 F = K1: IF RKK1) < > K1 THEN F = K2: PRINT "ANSWER MUST BE NUMERIC."
310 RETURN398 :399 REM ..SET HGR2 W/0 CLEARING400 POKE - 16304.K0: POKE - 16302,K0: POKE - 16299.K0: POKE - 16297.K0: HCOLORs

3: POKE 54,KO: POKE 55.96: PRINT : RETURN498 :499 REM OKAY500 VTAB*T: HTAB 16: PRINT "OKAY (Y/N)?";: GET A$: HTAB K1: IF A$ = "Y" THEN F = K2* RETURN
510 IF A$ = "Nn THEN F = 3: RETURN520 PRINT CHR$ (7); CHR$ (7): GOTO 500798 :799 REM ..INTRODUCTION800 ONERR GOTO 21100810 POKE - 16368.K0: HOME : VTAB 4: HTAB 16: PRINT "ARBPL0T1"820 PRINT : HTAB 9: PRINT "RECTANGULAR COORDINATES"
830 PRINT : HTAB 19: PRINT "BY"840 PRINT : HTAB 12: PRINT "A. R. BROWN. JR."850 PRINT : PRINT "ARBPL0T1 PLOTS THE GRAPH OF ANY"860 PRINT "FUNCTION Y OF A SINGLE REAL VARIABLE,"870 PRINT "X, IN RECTANGULAR COORDINATES."880 VTAB 23: HTAB 10: PRINT "PLEASE STAND BY...": GOSUB 24000
998 :999 REM ..MAIN MENU__ 1000 HOME : PRINT "»ARBPL0T1 - CURRENT VALUES & CH0ICES«"

/^i»N 1010 PRINT : PRINT "1. FUNCTION"( 1 0 2 0 P R I N T " Y ( X ) r " - Y $
1040 PRINT : PRINT *2. LIMITS/SCALING";: HTAB 22: PRINT "DELTA Xs ";DT1050 FOR X = K1 TO 3 STEP K21060 HTAB 5:T = VKX)1065 PRINT RIGHT$ (T$(X),5):: GOSUB 18600
1070 VTAB 7 + X / K2: HTAB 22:T = VKX + K1)1075 PRINT RIGHT$ (T$(X ♦ K1),5);: GOSUB 1860010&0 NEXT X1090 HTAB 4: PRINT "SCALING:";: HTAB 14: PRINT LA$(F7 + K2)1100 PRINT : PRINT "3. SCREEN: ";LA$(FD;" PRESENT DISPLAY"
1110 PRINT "4. CURVE: ":LA$(F5 ♦ 6);" LINE"1120 PRINT "5. AXES: ":LA$(F8 ♦ 8)PRINT : PRINT "ACTIONS:": PRINT "6. SHOW CURRENT DISPLAY"1130114011501160

. PRINT "7. PLOT CURVE": PRINT "8. EXIT"0 VTAB 22: PRINT "CHOICE: CHANGE VALUEO-5)": HTAB 9: PRINT "ACT(6-8)n

118911901998m

VTAB 24: HTAB 26: PRINT "WHICHO-8)?";: GET A$:F = ASC (A$) - 48: POKE - 16
368,01180 IF F < K1 OR F > 8 THEN VTAB 24: HTAB K3: PRINT "ANSWER 1-8";: CALL - 868: GOTO1160REM ..SELECT ACTIONON F GOTO 2000,3000,4000,4100,4200,4300,5000,4400
'REM ..CHANGE FUNCTIONHOME : HTAB 11: PRINT "- - FUNCTION - -"2010 VTAB 3: CALL - 958: PRINT "PRESENT CHOICE IS:": PRINT " Y(X)=";Y$2020 T = 6: GOSUB 500

2030 ON F GOTO 2020.1000,20502039 REM ..SET FUNCTION2040 VTAB 8: CALL - 9582050 VTAB 8: PRINT "ENTER THE FUNCTION TO BE PLOTTED."2060 PRINT : PRINT "Y(X) = ";:F = KO: GOSUB 18700:Y$ = R$(K1): IF F = K1 THEN 2050
2070 GOSUB 2:Y = FN Y(K1)2100 GOTO 2000
2998 :2999 REM ..CHANGE LIMITS & SCALING3000 HOME : HTAB 8: PRINT "- - LIMITS & SCALING - -"
2010 VTAB 3: CALL -958: PRINT "X LIMITS: PRESENT LIMITS ARE"3020 HTAB 5: PRINT "XMIN= "::T = V1(K1): GOSUB 18600: VTAB 4: HTAB 22: PRINT "XMAX~ " * 8 6 0 r= "::T s V1(K2): GOSUB 18600
3030 HTAB 5: PRINT "DELTA X= ";:T = DT: GOSUB 186003040 1:7: GOSUB 500
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5310 GOSUB 400
5340 POKE 33.40: FOR X = 3 TO 13 STEP K2: VTAB X: PRINT B1$: NEXT

'REM ..PLOT BORDERS. AXES, TICS
VTAB K1: PRINT "ARBPL0T1 "HPLOT 80.K0 TO 279.KO TO 279.158 TO 80.158 TO 80,KO

_A_ IF F8 = K2 THEN 5700
5380 Y = C4 + Y4 / Y3: IF Y > K1 AND Y < 158 THEN HPLOT 85,Y TO 274,Y: HPLOT 271,Y+ K2 TO 275.Y TO 271.Y - K2
5390 X = C3 - T1 / T3: IF X > 79 AND X < 278 THEN HPLOT X.C4 TO X,5: HPLOT X - K2,

8 TO X,4 TO X + K2.8
5400 IF Y < K2 THEN Y = K2
5410 IF Y > 158 THEN Y = 158
5420 IF X < 80 THEN X = 80
5430 IF X > 277 THEN X s 277
5 4 4 0 i = ; — ~ '^™ - = (T2 - TO / K2
5450 E r K3 * INT (K4 • LOG („95 * I)):L1 = INT (T1 / E) • E:L2 s INT (T2 / E) •E
5460 FOR I = L1 TO L2 + K6 • E STEP E
5470 IF I < T1 OR I > T2 THEM 5490
5480 XO = C3 + (I - TO / T3: HPLOT X0,Y TO X09Y - K2
5490 NEXT
5500 VTAB 15: PRINT B1$;: HTAB 3: PRINT CHR$ (2);WX=W;E
5510 I = (V1C4) - Y4) / K2
5520 E s K3 INT (K4 # LOG (»95 • I)):L1 = INT (Y4 / E) a E:L2 = INT (V1(4) /

E) « E
5530 FOR I = L1 TO L2 4= K6 8 E STEP E
5540 IF I < Y4 OR I > VK4) THEM 5560
5550 YO ~ C4 - (I - Y4) / Y3: HPLOT X.YO TO X + K20YO
5560 NEXT
5570 VTAB 17: PRINT B1$;s HTAB 3: PRIMT CHR$ (2);nYr";E
5580 X = INT (X / 7):Y = INT ((Y + 4) / 8) ♦ K1
5590 IF X > 11 AND X < 40 AND Y > KO AND Y < 21 THEM VTAB Y: HTAB X: PRINT KO
5698 :
5699 REM ..LABELS & CURVE
5700 VTAB 21: GOSUB 230
5710 VTAB 21: PRINT " Y =";Y$
5720 VTAB 23: GOSUB 230
5770 VTAB 19: PRINT "Xs"
5780 TM s K6 • ( ABS (TO + ABS (T2))
5790 ON F7 GOSUB 18100,18220
5800 V(KO = T1:V(K2) = T2
5810 FOR Y s K2 TO 4 STEP K2:TM s K6 • ( ABS (V(Y - KO) + ABS (V(Y)))
5820 FOR X a K1 TO K2:X0 = Y + X - K2
5830 T = V(X0): IF ABS (T) < TM THEN T = KO5840 VTAB K2 • XO ♦ K1: PRINT B1$
5850 VTAB K2 » XO + K1:A$ = T$(X0): GOSUB 19600: GOSUB 18600
5860 NEXT : NEXT
5868 :
5869 REM ..END PROCESSING
5870 POKE 973,255: POKE 33,40
5880 VTAB 24: HTAB 35:A$ = " §END ": GOSUB 19600: PRINT
5890 F6 = KO
5900 GET A$: POKE 54,KO: POKE 55,96: POKE 973,KO: VTAB 24: HTAB 32: PRINT B$: PR#

0: TEXT : GOTO 1000
17996 : REM >»MAJOR PROCESSING SUBROUTINES<«m
17999 REM ..EVALUATE FUNCTION, FIND TRUE MIN & MAX
18000 CALL 2483218010 I = KO: FOR T = T1 TO T2 + K6 * DT STEP DT:Y = FN Y(T)
18040 IF Y < Y1 THEN Y1 = Y
18050 IF Y > Y2 THEN Y2 = Y
18060 Y(I) = Y:I = I + K1
18070 NEXT :V(3) = Y1:V(4) s Y2
18080 POKE 103,P1: POKE 104,P2: RETURN
18098 :
18099 REM ..PLOT CURVE - AUTOMATIC SCALING18100 CALL 24832:R1 = C3 - T1 / T3:R2 s C4 + Y4 / Y3
18102 I = KO:X a T1:T s Y(KO)
18104 XO = X / T3 + ROYO = R2 - Y / Y3
18106 HPLOT XO.YO18110 FOR T = T1 TO T2 ♦ K6 • DT STEP DT
18120 X = T:Y = Y(I):I = I ■*■ K1
18130 IF ABS (T) < TM THEN T = KO
18140 VTAB 19: HTAB 3: PRINT B$;: HTAB 3: GOSUB 18600
18150 X = X / T3 + ROY = R2 - Y / Y3
18160 IF F5 = K2 THEN HPLOT XO.YO TO X,Y:XO = X:YO = Y
18170 IF F5 = K1 THEN HPLOT X,Y
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18180 IF PEEK (C7) < C6 THEN NEXT : GOTO 18210 , %18190 POKE - 16368.KO: POKE 54,KO: POKE 55,96: GET A$: IF A$ = CHR$ (5) THEN 1821018200 NEXT
1 8 2 1 0 P O K E 1 0 3 . P 1 : P O K E 1 0 4 . P 2 : R E T U R N / ^ \1 8 2 1 8 : ^18219 REM ..PLOT CURVE - MANUAL SCALING18220 CALL 24832:R1 s B - T1 / T3:R2 = C4 ♦ Y4 / Y3
18230 F = 4: FOR T = T1 TO T2 ♦ K6 * DT STEP DT:F3 = KO:Y = FN Y(T): IF Y < Y4 ORY > Y5 THEN F3 = K1
18231 REM .F5:1=D0TTED.2=S0LID18232 REM .F3:0=GOOD,1=OFFSCALE,4=ERROR
18233 REM .F=OLD F318234 REM .IF ERROR F3-4 SET IN LINE 2115018240 IF ABS (T) < TM THEN T = KO
18250 VTAB 19: HTAB 3: PRINT B$;: HTAB 3: GOSUB 186001A260 IF F3 = 4 THEN 18550IF Y < Y1 THEN Y1 = Y

IF Y > Y2 THEN Y2 = YX - T / T3 ♦ R1 *Y - R2 — Y / Y3IF F3 = KO AND*F = KO AND F5 = K2 THEN HPLOT XO.YO TO X.Y: GOTO 18550IF F3 = KO AND (F = 4 OR F5 = KO THEN HPLOT X.Y: GOTO 18550IF F3 = KO THEN 18420
.__ IF F5 = K1 OR F > KO THEN 18550
18J59 REM ,F5=2.F3=1,F=018360 IF SGN (Y - R2J < > SGN (YO - R2) THEN 1855018370 YN = Y: IF Y < K1 THEN YN = K1: GOTO 1840518400 IF Y > 158 THEN YN = 15818405 XN = XO ♦ (X - XO) • (YN - YO) / (Y - YO)18410 HPLOT XO.YO TO XN.YN: GOTO 18550
18419 REM ,F5=2.F=1.F3=0
18420 IF SGN (Y - R$) < > SGN (YO - R2) THEN 18550
18430 YN = YO: IF YO < K1 THEN YN = K1: GOTO 18470
18460 IF YO > 158 THEN YN = 158
18470 XN = XO + (X - XO) • (YN - YO) / (Y - YO)
18480 HPLOT XN.YN TO X.Y
18550 F = F3:X0 = X:YO = Y18560 IF PEEK (C7) < C6 THEN NEXT : GOTO 18580
18570 POKE - 16368.KO: GET A$: POKE 54.K0: POKE 55.96: IF A$ = CHR$ (5) THEN 185

80m jmV(3) = Y1:V(4) = Y2: POKE 103.P1: POKE 104.P2: RETURN18598 :1 8 5 9 9 R E M . . P R I N T 3 S I G F I G S s ^ \1 8 6 0 0 I F T = K O T H E N P R I N T T : R E T U R N ^18610 E = INT (K4 « LOG ( ABS (T))) - K2
18620 IF E > = KO THEN P = INT (K3 * E ♦ K5):Z = INT ( ABS (T) / P ♦ K5) • P •S G N ( T ) : P R I N T Z : R E T U R N , v
18630 P = INT (K1 / K3 E ♦ K5):Z = INT ( ABS (T) • P ♦ K5) / P • SGN (T): PRINTZ: RETURN
18698 :18699 REM ..DECODE FUNCTION18700 CALL 248321 8 7 1 0 X = F R E ( 0 ) : P R I N T " " : : H T A B 8 : G O S U B 2 0 0 0 0
18720 IF R3 > K1 THEN PRINT : PRINT "COMMA. SEMI-COLON. & COLON ARE NOT": PRINT "PERMITTED IN A FUNCTION DEFINITION.": PRINT "REENTER.": HTAB 8: GOTO 18710

A$ = R$(KO:P = 11:X = KOIF A$ = "" THEN 18850IF LEFT$ (A4.KO = n n THEN A* = MIDf (A|,K2): GOTO 18740FOR I = K1 TO 22: IF LEFT$ (A*. LEN (RI$(!5)) = RI$(D THEN 18830NEXTZ = ASC (A$):At = MID$ (A$.K2)
IF Z = ASC ("(") THEN X = X ♦ K1: GOTO 18840IF Z = ASC (")") THEN X = X - K1: GOTO 18840 /-m% m^ , . v .«,„IF (Z > ASC ("9") OR Z < ASC (")")) AND Z < > ASC ("E") AND Z < > ASC

_. 209 AND LEFT* (A$.KO <GOTO 18860
18820 GOTO 18840
188301 ScFffi8 WBtHK"! WHtt i Vk?M18840 POKE RI ♦ P.Z:P = P ♦ K1: GOTO 187401 8 8 5 0 I F P = 1 1 T H E N F = K 1 : G O T O 1 8 8 8 0 a M . . . w k M m t t18860 POKE RI ♦ P. ASC (":"): POKE RI ♦ P ♦ K1.177: POKE RI ♦ P ♦ K2. ASC (":"): POKE
18870RIIF X < VkO THEN F = K1: PRINT : PRINT "YOUR FUNCTION IS IMPROPERLY DEFINED.": PRINT "CHECK FOR TYPING OR LOGICAL ERRORS.": CALL - 958: PRINT "Y(X) = ";
18880 POKE 103.P1: POKE 104.P2: RETURN
19599 'REM ..CASE CONVERTER
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»: FOR P
MID$ (Ai

Is ASC ( MID;
R$ = R$ + CHr

Y s K.1 TU I
A f . P. O : I F
D| (A$.PO:R$ (I + Z):

LEN (A$):Z = 32' R1$ = "§" THEN P = P + K1:Z = KO
IF I < ASC ("A") OR I > ASC ("Z") THEN Z
NEXT : PRINT R$;: RETURN

KO

REM ..ARBREADER - GENERAL APPLESOFT INPUT ROUTINE
REM ..PART 1. GET CHARACTERS & ASSEMBLE FIELDS
REM ...SET FIELDS TO NULLS. INITIALIZE FIELD COUNTER

R1$ = R2|(KO: FOR R1 = K1 t6 K3:R$(RO = R1$: NEXT :R3 = K1
. " ' .,.SET ZEROETH CHARCATER TO BLANK

20020 R$ = R2$(K2)
20029 REM ...GET NEXT CHARACTER
2 0 0 : - " "20039
20040
20050

'9 REM ...G0 R1| = R|: GET R$~ REM ...TEST FOR SPECIAL CHARACTERS
FOR R1 = K1 TO 9
IF R$ = R2$(R1) THEN ON R1 GOTO 20100,20100,20130,20130,20130,20160,20190,2

0240,2118020060 NEXT
20069 REM ...ADD CHARACTER
20070 R$(R3) = R$(R3) + R$
20079 REM ...TEST FOR CONTROL CHARACTER
20080 IF ASC (R$) < 32 THEN INVERSE :R$ - CHR$ ( ASC (R$) + 64)
20089 REM ...PRINT CHARACTER
20090 PRINT R$;: NORMAL : GOTO 20030
20099 REM ...PROCESS BLANK
20100 IF LEN (R$(R3)) < K1 THEN 20030
20110 IF R1$ = R2$(2) THEN 20030
20120 GOTO 20070
20129 REM ...PROCESS FIELD DELIMITERS
20136 IF LEN (R$(R3)) < K1 THEN 20150
20140 IF R1$ = R2$(2) THEN GOSUB 20300: PRINT R2$(7);
20150 PRINT R$;:R3 = R3 + K1: GOTO 20020
20159 REM ...PROCESS CARRIAGE RETURN
20160 IF LEN (R$(R3)) < K1 THEN 20180
20170 IF R1$ = R2|(2) THEN GOSUB 20300
20180 PRINT : GOTO 21000: REM ..THIS IS END OF PART 1
20189 REM ...PROCESS BACK ARROW
20190 IF R3 = K1 AND LEN (R$(R3)) < K1 THEN 20030
20200 IF LEN (R$(R3)) > K1 THEN GOSUB 20300:R$ = RIGHT$ (R$(R3),K1): GOTO 20230
20210 IF LEN (R$(R3)) = K1 THEN R$(R3) = R2$(KO: GOTO 20230^™rt IF R3 > K1 THEN R3 = R3 - K1

— ~ 2 $ ( -
?lMNT.«P̂ CEsI2?ON2TR§gx7);: ̂  20°3°

NEXTR2 = - K1: FOR R1 = K1 TO R3:R2 = R2 + LEN (R$(RO) + K1:
FOR R1 = K1 TO R2: PRINT R2$(7);R2$(K2);R2$(7);: NEXT
GOTO 20000
REM ...SHORTEN STRING

R$(R3) = LEFT$ (R$(R3), LEN (R$(R3)) - KO
REM ...PART 2. DECODE FOR CATEGORY AND VALUES
FOR R1 = K1 TO R3

RKRO = KO
REM ...NULL
IF R$(R1) = R1$(6) THEN R1(R1) = 7:R(R1) = 0: GOTO 21080
REM ...GET VALUE & FIRST CHARACTER

R(R1) = VAL (R$(RD)
R$ = LEFT$ (R$(R1),K1)Rem numeric
2L.R(#^L1,T*.K0.OR ASC (R^> s 48 THEN R1(R1^ = K1: GOTO 21080REM ...SPECIAL VALUES
FOR R2 = K1 TO 5: IF R$ = R1$(R2) THEN R1(R1) = R2 + K1: GOTO 21080
NEXT
NEXT
RETURN

'REM ...ERROR PROCESSING
CALL 26352

R5 = PEEK (222):R6 = PEEK (218) + PEEK (219) • C5IF R5 = 69 AND R6 * 21030 THEN R1(R1) = 8:R(RO = '"
IF R6 s 2070 THEN R6 s KO: GOTO 21300' II 5§ = 18219 AK5 (R5 s 53 OR R5 = 69 OR R5 = 133) THEN 22100
IF R6 = 18230 THEN Y1 = - 1.E37:Y2 * - Y1:F3 = 4:R6 = KO: GOTO 18240i IF R5 < > 255 THEN PR# 0: TEXT : HOME : GOTO 22300

i IF F6 = K1 THEN R6 = KO: POKE 54,K0: POKE 55,96: RESUME

K0:R6 = KO: GOTO 21080

I REM ...CONTROL-C PROCESSING0 PRINT "DO YOU WISH TO EXIT (Y/N)?";:
104.P2: GOTO 4400

GET A$: IF A$ s "Y" THEN POKE 103.P1: POKE
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IF R5 = 16
GOTO 200021292 JLJS^JP OR R5 = 90 OR R5~="i63 OR R5 = 224 THEN 22200 /^*±

22099 REM ..FCN EVAL ERROR IN SR18000
22100 PRINT "YOUR FUNCTION CANNOT BE EVALUATED AT": PRINT " X=";T
22110 PRINT "AUTO SCALING NEEDS FCN DEFINED FOR ALL X IN THE INTERVAL. CHANGE TO

MANUAL": PRINT "SCALING OR DIFFERENT FCN DEFINITION."
22130 PRINT " Y(X) = ";Y$
22135 POKE 103.P1: POKE 104.P222140 PRINT : PRINT "DO YOU WISH TO CHANGE YOUR FUNCTION":

IF A$ = "Y" THEN 2000"~ A$ = "N"
PRINT "(Y/N)?";: GET A$

22150 IF A$ = "N" THEN 1000
22160 PRINT CHR$ (7); CHR$ (7): GOTO 22140
22198 :
22199 REM ..MISTAKE IN DEFINING FUNCTION
22200 PRINT : PRINT "YOUR FUNCTION IS IMPROPERLY DEFINED."
22210 PRINT "CHECK FOR TYPING OR LOGICAL ERRORS."
22220 CALL - 958: PRINT "Y(X) = ";Y$:R6 = KO: GOTO 2050
22298 :
22299 REM ..OOPS, AN ERROR WASN'T TRAPPED
22300 POKE 103.P1: POKE 104,P2: PRINT : PRINT "ERROR TYPE ";R5;n OCCURRED IN LINE

" ; R 6 : " . "22310 PRINT "PROBABLY NOT YOUR FAULT."
22320 PRINT "POWER OFF, THEN ON TO REBOOT."
22390 END
23998 :
23999 REM .INITIALIZE VARIABLES, SET CONSTANTS24000 T = 0:X = TsY = T:DT = ,05:TM = .0002
24010 Y1 = T:Y2 = T:T3 = T:Y3 = T:Y4 = T:Z = T:P = T:E = T
24020 DIM V(4),V1(4),Y(200)
24030 KO = 0:K1 = 1:K2 = 2:K3 = 10:K4 = .4343:K5 = ,5:K6 = .000124040 C1 r 150:C2 = 190:C3 = 84:C4 r 155:C5 = 256:C6 = 128:C7 = - 16384:D$ = CHR$

(4)
24050 GOSUB 2:Y$ =. "X»((X-1)*2)*.2"
I!l8I§ *?*? iTCK R?.aBf5%:.1«2) = n-:11«3) = -H.«11$(« = -R»:RU(5) =

"E"*R1$(6) - ""'R1$(7) - "?"
24070 R2i(1) = "":R2$(2) = """:R2|(3) = ".":R2f(4) = "i":R2|(5) = ":":R2$(6) = CHR$0 R2$(1) = "":R2$(2) = " ":R2$(3) = n.":R2$(4) = ":":R2$(5) = ":

(13):R2$(7) = CHRi (8):R2|(8) = CHR$ (24):R2$(95 = CHR$ (3)0 DIM Rl(10),R(10),R1(10),RI$(22).RV(22),LA$(10)2 4 0 8 0 D I M R $ ( 1 0 ) , R ( 1 0 ) , R 1 ( 1 0 ) , R I $ ( 2 2 ) . R V ( 2 2 ) , L A $ ( 1 0 ) ^ - " " n
R E M . . M A C H I N E L A N G E R R O R S R I N A R B P C H A R A T 2 6 3 5 2 A

.»1 = PEEK (103):P2 = PEEK (104)
24110 FOR I = 1 TO 4: READ T$(I): NEXT
2 4 0 8 9 R E M _ . . _
24090 P1 = PEEK (103):P2 = PEEK (104)
24110 FOR I = 1 TO 4: READ T$(I): NEXT
24120 DATA "§XMIN=","§XMAX=","§YMIN=","§YMAX="
24160 PRINT D$;"BLOAD ARBPCHAR"
24180 L1 = P1 + P2 • C5:RI = PEEK (L1) + PEEK (L1 + K1) • C52 4 2 0 0 B $ = " " : B 1 $ = " "
24210 FOR I = K1 TO 13: READ RI$(I):RV(I) = 199 + I: NEXT
24220 FOR I = 14 TO 21: READ RlI(I):RV(I) = 204 + I: NEXT
24230 Rll(22) = "N0T":RV(22) = 19824240 DATA +.-.«.//.AND.OR.>. = .<,SGN.INT!ABS, SQR.RND.LOG, EXP, COS,SIN,TAN,ATN
24250 F = K0:F1 = K2:F7 = K1:F5 = K2:F8 = K1:F6 = KO
24270 FOR T ~ K1 TO 10* READ LA$(T)* NEXT
24280 DATA SKEEP","CLEAR" "AUTOMATIC","MANUAL"."SAME","INDEPENDENT","DOTTED"."SOLID" . "SHOW " "DON'T SHOW"
24290 VHKO = - K1:V1(K2) = K2:T1 = - K1:T2 = K2

RETURNREM ••REM
REM ...ARBPL0T1, VERSION 2.1 9/4/82
REM ..COPYRIGHT 1982
REM ..BY A. R. BROWN, JR.
REM 407 PEERY PKWY.
REM GOLDEN. CO 80403REM .. (303)279-5388
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Appendix D
DISPLAY Listing

/ ^ \
T R E M . . D I S P L A Y O T A . R . B R O W N , J R . , N „ „ , ^ n „ ™
10 D$ - CHR$ (4):Q$ - CHRS (17):C$ - CHR$ (15):L1 - 25866: POKE - 16368,0: IF PEEK

(24576) - 72 AND PEEK (24580) - 134 AND PEEK (26627) - 8 THEN 6361' PRINT D$:"BLOADARBPCHAR"
63 ONERR GOTO 21100TOO TEXT : HOME : HTAB il": PRINT "«DISPLAY SAVER>>": VTAB 6: PRINT "DO YOU WISH T

0": PRINT : PRINT "1. SAVE TO DISK FOR REGULAR SLIDE SHOW.": PRINT : PRINT "2.
SAVE TO DISK FOR COMPRESSED SLIDE SHOW."

f30 PRINT : PRINT *3. OUTPUT TO PRINTER.": PRINT : PRINT "4. LOAD IMAGE FROM DISK.
": PRINT : PRINT "5. EDIT DISPLAY.": PRINT : PRINT "6. RETURN TO MAIN MENU."

1'50 PRINT : HTAB 20: PRINT "WHICH Mi-6)?":x GET A$:F - ASC (AS) - 48: PRINT : IFF < 1' OR F > 6 THEN HTAB 6: PRINT "ANSWER t-6": GOTO 1'50
180 ON F GOTO 1000,4000,3000,2300,7000.190 ..
1 9 0 C A L L 1 0 0 2 : P R I N T : P R I N T D $ : " R U N A P M E N U , D 1 " „ „ _ _fOOO HOME : HTAB It: PRINT "«SLIDE SAVER>>":B$ - "SHOW": VTAB 6: PRINT "BUILDING

A SLIDE SHOW REQUIRES AN": PRINT "INITIATED *;B$;" DISKETTE" „ . .
1020 PRINT : PRINT *D0 YOU HAVE A SHOW DISKETTE (Y/N)?";: GET A$: IF LEFTS (A$,1)- "Y" OR AS - CS THEN 1200
1040 IF LEFTS (A$,l) - "N" THEN 5000
1050 PRINT : PRINT "PLEASE ANSWER YES OR NO.": GOTO 10201-200 GOSUB 6000: HOME : GOSUB 8000: GOSUB 8010: ON FL GOTO 1210.100
1-210 PRINT : PRINT "WHAT NAME DO YOU WISH TO GIVE YOUR": PRINT "DISPLAY":: INPUT R

$: PRINT "FILE NAME IS ":R$: HTAB 10: PRINT "OKAY(Y/N)?H;: GET A$: PRINT : IF
LEFTS (A$. fT < > "Y" AND A$ < > C$ THEN 1210 „ „ . .1-220 PRINT D$:*BSAVE":R$;",A$4000,L$2000,D1rf: PRINT D$:"L0CK";R$:",D1"

T300 PRINT : PRINT "REMOVE ";B$:" DISKETTE ": PRINT : PRINT " INSERT ARBPLOT DIS
KETTE,": PRINT : PRINT " AND CLOSE DOOR.": GOSUB 2200: GOTO 1002200 VTAB 23: PRINT "PRESS RETURN TO CONTINUE."j: GET AS: PRINT : RETURN

2300 HOME : HTAB 1'3: PRINT *«LOAD IMAGE>>n:B$ - "IMAGE*
2 3 0 5 I N P U T " F I L E N A M E ? " : P $ , %
2310 PRINT : PRINT "SLOT NUMBER?":: GET A$:St - ASC (AS) - 48: PRINT SI: IF S1 <

1 O R S t > 7 T H E N P R I N T " A N S W E R 1 - 7 " : G O T O 2 3 1 0 , v
2320 PRINT : POKE - 1-6368,0: PRINT "DRIVE NUMBER?15:: GET A$:D1 - ASC (AS) - 48: PRINT

Dt: IF D1 < t OR Dt > 2 THEN PRINT "ANSWER 1-2*: GOTO 2320
2325 PRINT : POKE - 1'6368.0: PRINT "FILE ";P$;" ON DISK IN SLOT "}S1;"« DRIVE ":D1-:".": HTAB 10: PRINT *OKAY(Y/N)?": GET AS: PRINT : IF LEFTS (A$,1) < > "Y* AND

^ P f e v A S < > C $ T H E N 2 3 0 0
( 2330 PRINT : PRINT "INSERT DISKETTE CONTAINING IMAGE.": GOSUB 2200: PRINT D$j"BLOA

D":P$:"fA$4000.V0.D";Dt:",S":St: GOSUB 8000: FOR I - 1 TO 600: NEXT Ii TEXT : HOME: VTAB tO: PRINT *IS THIS THE IMAGE (Y/N)?"j: GET AS: IF LEFTS (A$,1) < > "Y" AND AS < > C$ THEN 2300
2370 GOTO 1300
3000 TEXT : HOME : HTAB 9: PRINT "«HARDCOPY DISPLAY»": VTAB 6: PRINT "YOU CAN MA

KE A PERMANENT COPY OF YOUR": PRINT "DISPLAY ON CERTAIN PRINTERS.": PRINT : PRINT
WD0 YOU HAVE*: PRINT : HTAB 5: PRINT *1. APPLE SILENTYPE*: PRINT : HTAB 5: PRINT
"2. PAPER TIGER W/GRAPRTCS OPTION": PRINT : HTAB 5: PRINT "3. MX-80 W/GRAPPLER
" : P R I N T : H T A B 5 : P R I N T " 4 . O T H E R " , %

3060 PRINT : HTAB 20: PRINT "WHICH (l-4)?";i GET A$:F - ASC (AS) - 48: POKE - 16
368,0: IF F < 1 OR F > 4 THEN HTAB 10:ftANSWER 1-4";: GOTO 3060

3080 ON F GOTO 3200,3400,3600,3800
3200 HOME : PRINT "«APPLE SILENTYPE>>": FORvS - 1 T0_7:SA - 7 16384 + 256 * S: IFPEEK (SA + 23) - 201 AND PEEK (SA + 55) - 207 AND PEEK (SA + 76) - 234 THEN

3250
3230 NEXT : PRINT : PRINT "NO SILENTYPE PRINTER INSTALLED!!!": GOSUB 2200: GOTO 10

0
3250 GOSUB 8000:, GOSUB 8010: ON FL GOTO 3270.100
3270 PRINT : PR# S: PRINT : PR# 0: GOSUB 8000: POKE - 12525,64: POKE - 12527.12:

POKE - 12529,255: POKE - 12528,7: POKE - 1'2524,0: PR# S: PRINT Q$; CHRS (8
): PRINT : PR# 0: IN# 0: GOTO tOO

3400 HOME : HTAB 1-1: PRINT "«PAPER TIGER»": PRINT : PRINT "PAPER TIGER MUST HAVEGRAPHICS OPTION": PRINT "AND STANDARD APPLE SERIAL OR PARALLEL": PRINT "INTER
FACE.": PRINT : HTAB 5: PRINT "t. SERIAL": PRINT : HTAB 5: PRINT "2. PARALLEL"
: PRINT : HTAB 5: PRINT "3. NON-STANDARD"

3430 PRINT : HTAB 10: PRINT "WHICH (l-21?"i: GET A$:Ft - ASC (AS) - 48: IF Ft < 1OR Ft > 3 THEN HTAB 10: PRINT ^ANSWER MUST BE 1-3.": GOTO 3430
3452 IF Ft - 3 THEN tOO
3455 PRINT : PRINT "SLOT CONTROLLER # (t-7)?"j: GET A$:S - ASC (AS) - 48: IF S <1 OR S > 7 THEN PRINT "SLOT# MUST BE BETWEEN t AND 7.": GOTO 3455
3470 POKE Lt,192 * S: ON Ft GOTO 3480.3490,100
3480 POKE Lt - 2,32: POKE L1 - 1,7: POKE LI ♦ t,72: POKE LI + 2,1-69: POKE Lt ♦ 3,0: POKE Lt + 4,141: POKE Lt ♦ 5,248 + S: POKE Lt + 6,S: POKE Lt + 7,104: POKE L

1- ♦ 8,96: G0T6 3500
3490 POKE Lt + 8.t28 + S • f6
3500 POKE 25856,64: GOSUB 8000: GOSUB 801*0: ON FL GOTO 3510,100
3510 G0SUB8000: PRINT D$:"PR#";S: PRINT : PRINT D$;"PR#0": CALL 25879: GOTO tOO

/^^ 36tO PRINT*: PRINT ^C0NTO0LLERSL0T#(l-7l?";: GET A|:S - ASC (AS) - 48: IF S < 1 OR
( S > 7 THEN PRINT *SLOT MUST BEBETWEEN 1*7." : GOTO 3610

3620 PRINT : PRINT "SINGLE OR DOUBLE SIZE GRAPH(S/D)?";: GET SS: PRINT : IF S$ < >
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"S" AND S$ < > "Dw THEN 3620.Qj QN _.
S$ -

": PRj
„ " F O RSECTION 2.5 : GOSUB 2200: GOTO 100

G O S U B 8 0 0 0 : G O S U B 8 0 1 ' 0 : O N F L G O T O 3 6 4 0 , 1 0 0 / - ^ k_ _ „ _ „ s „ T H E N p R ^ N T ( 9 ) . " G 2 R " : P R # 0 : G O T O t ' 0 0 1
— w/f . ...,/ 0: GOTO tOOHOME : VTAB $0: PRINT "FOR OTHER PRINTERS, SEE INSTRUCTIONS IN ARBPLOT MANUALR$ ?9);"G2AB 10: PRI

4000 HOME : HTAB 4: PRINT "«HARRIS COMPRESSED SLIDE SAVER»":B$ - "GRAPH PACK": VTAB6: PRINT "BUILDING A COMPRESSED SLIDESHOW": PRINT "REQUIRES AN INITIATED *;B$:PRINT "DISKETTE."
4020 PRINT : PRINT "DO YOU HAVE A ";B$;" DISKETTE(Y/N)?";: GET AS: IF LEFTS (A$,l

) - "Y" OR AS - C$ THEN 42004040 IF LEFTS fA$,1'T - "N"* THEN 5000
4050 PRINT "PLEASE ANSWER YES OR NO*: GOTO 40204200 GOSUB 6000: PRINT D$:"RUN":B$;".D1"
5 0 0 0 H O M E : " — — —LLOWING:

B OVAA/ i I " IVJ . i l J . JS iP, AUfl ,< *P, |V I: PRINT "TO PREPARE YOUR SLIDESHOW DISKETTE,": PRINT "YOU MUST DO THE FONG:": PRINT : PRINT "1. REMOVE THE ARBPLOT DISKETTE.": PRINT "2. INSERT BLANK DISKETTE & CLOSE DOOR.": PRINT "3. TYPE 'INIT ^BS:"'."
5040 PRINT "4. WAIT 30 SECONDS UNTIL LIGHT ON": PRINT " DISK DRIVE GOES OUT & CURSOR APPEARS.":: PRINT "5- REMOVE ";B$:" DISKETTE.": PRINT "6. INSERT ARBPLOTDISKETTE & CLOSE DOOR.";s PRINT "7. TYPE 'RUN DISPLAY' TO GET BACK TO": PRINT* SAVING YOUR DISPLAY.*
5080 PRINT : HTAB 10: PRINT "START WHEN THE CURSOR REAPPEARS.": PRINT D$;"LOAD";B$

;".Dt"6000 HOME,,: PRINT "REMOVE ARBPLOT DISKETTE.": PRINT : PRINT " INSERT„";»&:" DISKETTE,": PRINT : PRINT ^ AND CLOSE DOdR.": PRINT : PRINT : PRINT "PRESS RETURN WHEN READY TO CONTINUE.": GET A$: PRINT : RETURN
7000 HOME : HTAB tO: PRINT "«MH GRAPH EDITOR»": PRINT : PRINT D$;"RUNMH GRAPH EDIT0R.D1"8000 POKE - 1-6304.0: POKE - t6?K)2,0: POKE - 1*6297,0: POKE,, - 16299.0: RETURN/ t8010 FOR I - 1 TO 600: NEXT I: TEXT : HOME : VTAB tO: PRINT "IS THIS THE IMAGE (Y/N)?":: GET AS: IF AS - "Y" THEN FL - t: RETURN8020 IF AS - "N" THEN FL - 2:xRETURN8030 PRINT CHRS (7); CHRS (7): GOTO 8010 , ,21100 CALL 26352 :R5 - PEEK (222>:R6 - PEEK (2*8) + PEEK (21-9) • 256: IF R5 - 4 ANDR6 - 1-220 THEN PRINT "DISKETTE IS WRITE PROTECTED.": PRINT "YOU MUST INSERT SH O W D I S K E T T E . " : G O T O 1 0 2 0 „ „
21-130 IF R5 - 9 AND R6 - 1220 THEN PRINT "DISKETTE IS FULL.": PRINT "YOU MUST START A NEW DISKETTE.": PRINT PS;"DELETE";R$: GOTO 1*020
21140 IF R5 - 10 AND R6 - 1220 THEN PRINT "YOU HAVE ALREADY USED THAT NAME.": PRINT"PICK ANOTHER.": GOTO 1210 „_21145 IF R5 - 6 AND R6 - 2330 THEN PRINT "FILE NOT FOUND": GOTO 2305 /—»k2 1 - 1 5 0 I F R 5 - 2 5 5 T H E N T E X T : G O T O 1 9 0 u r — ,
21170 PRINT "ERROR TYPE ";R5;" IN LINE ";R6: PRINT "PROBABLY NOT YOUR FAULT.": PRINT '"TRY 'RUN DISPLAY* TO RECOVER.": PRINT *IF UNSUCCESSFUL, POWER OFF, THEN ON."
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Error Reporting
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ARBPLOT is intended to be error-free, easy to understand,

and stra ight forward to use. However, i t is a t ru ism in comput

ing that the only bug-free program is one which is ready to be
discarded. Therefore, the programs have a general message

which we hope you will never see.

ERROR TYPE NN OCCURRED IN LINE XXX.
PROBABLY NOT YOUR FAULT.
POWER OFF, THEN ON TO REBOOT.

NN is the error code on page 136 of the Applesoft XI Reference

Manual or page 114 of the DOS Manual. XXX is the statement

number in the program being run.

Here are the errors you are most l ikely to encounter.

^

C O D E E R R O R T Y P E

0 N E X T w i t h o u t F O R

1 L a n g u a g e n o t a v a i l a b l e

4 W r i t e p r o t e c t e d

6 F i l e n o t f o u n d

8 I / O e r r o r

9 D i s k f u l l

11 , 1 6 S y n t a x e r r o r

22-224 Var ious e r ro rs

Others

PROBABLE CAUSE

Program bug; tell us.

Applesof t miss ing or inoperat ive
on your computer. See your
l o c a l e x p e r t .

Wr i te -p ro tec t tab on d iske t te ;
are you trying to wri te an
ARBPLOT disk?

File not on diskette; do you have
wrong name or wrong diskette?
Is door open?

SHOW or GRAPH PACK diskette full.

Program bug; tel l us.

Program bug; tel l us.

Mys te r y ; t e l l u s .
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If you encounter a problem — whether you receive the mes

sage above, the program self-destructs (this has happened in

development), or something is simply awkward — we would like

t o h e a r f r o m y o u . '

Wr i t e t o :

CONDUIT
P.O. Box 388
Iowa City, Iowa 52244

Inc lude :

1. Program name.

2. Al l program menu set t ings.

3 . I f poss ib l e , p rog ram se t t i ngs
and act ions just pr ior to the
run that bombed.

4. Results: error message or other
symptoms.

W h e n t h e p r o b l e m h a s b e e n c o r r e c t e d , y o u w i l l r e c e i v e _

an update.
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Appendix F
ARBREADER

A General-Purpose Input Subroutine
for Applesoft II Programs

ARBREADER is a general-purpose input routine with the fol

low ing p roper t ies :

1. An input record cons is ts o f any s t r ing of characters

terminated by a carr iage return. Any character can be

included in a field except comma, semicolon, colon,

car r iage re turn , back ar row, Ct r l -X , o r Ct r l -C, as

spec ified in l ine 24070.

2 . A n i n p u t r e c o r d i s d i v i d e d i n t o fi e l d s , w i t h fi e l d s

separated by commas, semicolons, or colons. Field
delimiters can be changed by changing the contents of

R2$(3), R2$(4), or R2$(5) in l ine 24070.

3. Leading or t rai l ing blanks or redundant imbedded blanks

are re jec ted . I f you t ry to en te r ex t ra b lanks , the cu r

sor wil l not move but wil l await entry of your next non-

b lank character.

4 . Con t ro l charac te rs excep t C t r l -C , C t r l -H , C t r l -X and

Ctrl-§ are displayed as the corresponding inverse charac

ter. However, they are s tored as the appropr ia te contro l

cha rac te r.

5. Characters within a record can be deleted by use of the

back-arrow or Ctr l -H. The character is immediate ly

removed both from the record and the display.

6. The ent i re record can be deleted by Ctr l -X. The record is

immediately removed both from memory and the display,

leaving your program awaiting input of a new record.
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7. A l l cont ro l funct ions except "RESET" are bypassed. In

par t i cu la r, the ed i t i ng charac te rs and Ct r l -C a re
d isab led . "RESET" s t i l l re tu rns you to the moni to r.

Ctr l -C is t rapped so that i t is under the contro l of your

program.

8 . C t r l -@ is in te rp re ted as the nu l l charac te r, wh ich i s

ignored un less i t i s the on ly charac ter in a fie ld .
9. The double quote (") may be entered just as any other

cha rac te r.

In addition, ARBREADER provides a vehicle by which you can

have complete control over errors occuring in execution of your

program. Insert your own error handl ing rout ine beginning in

line 21125 (lines 21100-21120 are needed for ARBREADER error

c o n t r o l ) .

Enter ARBREADER by "GOSUB 20000". No parameters are

passed to ARBREADER. One variable and three arrays are
re tu rned :

R 3 = t h e n u m b e r o f fi e l d s i n t h e r e c o r d

R$(R3) = the array of contents of input fields
in s t r ing fo rm

R(R3) = the array of numerical values of
fi e l d c o n t e n t s . I f t h e b e g i n n i n g o f
a field can be interpreted as a
n u m b e r, i t s v a l u e i s r e t u r n e d . I f
e i the r the beg inn ing o f the fie ld
cannot be interpreted as a number
or the numerical value is too large
(overflow), the va lue returned is zero.

RKR3) = the array of coded responses
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Values of coded field contents are:

0 « Regular string
1 = Numeric
2 - Y(es)
3 = N(o)
4 « H(elp) or ?
5 = R(eenter)
6 = E(x i t ) o r Ct r l -C
7 = Null
8 = Overflow

Internally, ARBREADER uses six addit ional variables:
R$ = Current charcter being processed
Rl$ = Temporary storage
R = Numer ica l va lue o f fie ld con ten ts

(zero i f non-numeric)
RI = Temporary code value
R2 = Index
R4 = Dimension of arrays (default=10,

changeable in line 24080)

When an error is encountered, two variables are set, whose

values are then avai lab le for error processing.

R5 = error type code
R6 = l ine in which error occurred

ARBREADER occupies lines 24060-24080 and 20000-21120 of

your program. Lines 24060-24080 and ONERR GOTO 21100 must be
executed before the first "GOSUB 20000" or before any error

condi t ion is encountered.
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Appendix G
Summary of Actions

In general, respond to any menu, yes/no, or other

inherent ly s ing le charac ter quest ion w i th jus t the charac ter
(no "RETURN"). Respond to any request for numerical data with

the value followed by "RETURN"; "RETURN" alone confirms the

prev ious va lue.

a. FUNCTION. Enter a val id Applesoft BASIC ari thmetic

expression using only the variable name appearing on the left
side of the equation (see Section 2.4). ARBPL0T4 wil l also

accept INVERSE. CONIC takes coefficients of a quadratic equa
t ion o r i t s po la r equ iva len t . (Same ru les fo r de r i va t i ves and

a n t i d e r i v a t i v e s . )

b. LIMITS/SCALING. Limits are numeric except for "C" in

ARBSEQ and ARBINT1, and "D" in ARBINT1. AUTOMATIC scaling

fil ls the screen; MANUAL scal ing uses l imits you specify, and

the curve may go offscale. You must use MANUAL scaling if

there are gaps in the domain.

c. SCREEN: KEEP or CLEAR PRESENT DISPLAY. With CLEAR,

the ent i re screen is c leared before p lo t t ing. Wi th KEEP, the

new curve is overlaid on previous ones; data and equations

shown refer only to the latest curve.

d. CURVE: SOLID or DOTTED LINE. This command has no

e f fec t on any th ing e lse ; i t s imp ly he lps d is t i ngu ish mu l t i p le
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curves. In ARBPL0T3, a solid curve means R is posit ive, while

a dotted curve means R is negative. In ARBSEQ, the sequence is

sol id, sum is dotted, and function is dashed.

e. AXES: SHOW or DON'T SHOW. This command has no effect

on anything else. The axes are shown or not.

f. MODE, METHOD, or PROBLEM. These commands are unique

to each program. See Chapter 3.

g. SHOW CURRENT DISPLAY. This command shows the most

recently created display, regardless of where i t came from.

h. PLOT CURVE or special action. In some programs, you

may interrupt the p lot t ing process by pressing any key. I f you
then press any key except Ctrl-E, the program will resume the

p l o t t i n g o r o t h e r s p e c i fi e d p r o c e s s . C t r l - E a f t e r i n t e r r u p t

wi l l cause you to exit from plott ing; with some programs exit

is immediate, with others you must press a key after "End". In

any case, press a key after "End" to exit. ARBLIM, ARBROOT,
and CONIC require "E" to exit; other keys take action on the

screen.

i . EXIT. Press "8" confirmed by "Y" to re tu rn to the

main ARBPLOT menu. EXIT at the main ARBPLOT menu then lets you

go to the other ARBPLOT diskette or exit to Applesoft.

z^^m\
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Appendix H
Making Backup Copies of ARBPLOT

ARBPLOT can be copied by any standard copy program, e.g.,

COPYA from the Apple II System Master diskette. We recommend

making copies and storing the original in a safe place.

However, in order for programs on the copy to load faster than

the normal speed of the original, a few extra steps must be

added to the copying process. Here is the procedure:

1. Boot the System Master diskette.

2. Insert ARBPLOT Disk 2 into your drive and type

BRUN MH SECTOR SKEW.

3. Insert the System Master diskette and type RUN COPYA.

4. Follow the directions given by the COPYA program to copy

both ARBPLOT disks.

You now have a copy that wil l run faster than the original.

After you have finished copying, you must:

5. Boot any disk with the normal DOS on it (such as the

System Master or either ARBPLOT disk). This is necessary
because the program MH SECTOR SKEW altered the DOS

or ig ina l ly in memory just for copying.

This procedure will speed up file-loading by about 65% on

any s tandard d isket te you copy. Time spent sav ing fi les wi l l
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be reduced as well unless the file is being saved under the

name of another fi le a l ready on the d isk. In th is specia l case

(which occurs often in program development), saving a file

actual ly takes about 33% longer than normal. For this reason,

we recommend that you use this method only for copying

diskettes on which no further saving wil l be done.

Rest assured that your "improved" copies contain no

bizarre a l terat ions to DOS on them. I f your copy is in turn

copied by a standard copy program (e.g, COPYA without using MH

SECTOR SKEW), the new diskette will resume the slower loading

cha rac te r i s t i c s o f t he o r i g i na l . The t r i c k t o t he speed -up i s

"nine-descending sector skewing," described in D. Worth and P.

Lechner, "The Speed Sector, " Sof ter Apr i l 1982.
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